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FORMULA 


The following important results from algebra and trigonometry 
are frequently used in analytical geometry:— 


1. The roots of the quadratic equation az? + br +c = 0 are 
—b + Vb? — 4ac , gg Oo — Vb = 4a 


2a 2a 
These roots are 

real, if b?> or = 4ac; 
imaginary, if b? < 4ac; 
equal to each other, if b? = 4ac; 
equal in magnitude but 

opposite in sign, ifb = 0; 
rational, if b? — 4ac is a perfect square. 
One root = 0, nbiyn =O 
both roots = 0, 1t/Or—2Co—10)s 


The sum of the roots = = 


The product of the roots = =. 


2. The fraction = 0,if b =0 and ais not = 0. 
3. The equation az + by +c = Ois the same as px + qy +r =0, 
ei pb se 
P q r 
4. ax? + bx + c is a perfect square, if b? = 4ac. 
5. if. ax + by + az =0 
and ax + bey + coz = 0, 
ee ee gee Pa 
ae bycg — beci 1g — Coy = Abe — gy 


ill 


lv FORMULA 


6. For all values of a, 
sin’a + cosa = 1. 
7. If tana =k, a = tan —'k. 


8. sin(A+ B) = sinAcosB +cosAsinB. 
cos (A + B) = cos AcosB = sinA sinB. 


At’ A-B 
+ COS —3 





9. sinA+ sin B = 2sin 


tan A + tan B 


10. tan (A + B) = T= tanAtanB’ 





» etc. 
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ELEMENTARY ANALYTICAL GEOMETRY 


CHAPTER I 
CARTESIAN COORDINATES 


1. Analytical, or algebraic, geometry was invented 
by Descartes in 1637, and this invention marks the 
beginning of the history of the modern period of 
mathematics. It differs from pure geometry in that 
it lays down a general method, in which, by a few 
simple rules, any property can be at once proved or 
disproved, while in the latter each problem requires a 
special method of its own. 


2. The Origin. In plane analytical geometry the 
positions of all points in the plane are determined by 
their distances and directions as measured from a fixed 
point. 


If the points are all in a st. line, the fixed point is 
most conveniently taken in that line. 


E Dae A AB Cc 
Fie. 1. 
Thus, if the distance and direction of each of the 


points A, B, C, D, E from the point O are given, the 
positions of these points are known. 


The point O is called the origin, or pole. 
1 
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3. Use of plus and minus. In algebra the signs 
plus and minus are used to indicate opposite qualities 
of the numbers to which they are prefixed; and in 
analytical geometry, as in trigonometry, these signs are 
used to show difference of direction. In a horizontal 
st. line distances measured from the origin to the 
right are taken to be positive, while those to the left 
are negative; and in a vertical st. line distances 
measured upward are positive, while those measured 
downward are negative. Thus, in Fig. 1, if OA = 2 em, 
OB = 8 cm., OC = 5 em., OD = 1 cm, and OE = 3 cm, 
the positions of these points are respectively repre- 
sented by 2, 3, 5, — 1 and — 8, the understood unit 


being one centimetre. 


RECTANGULAR COORDINATES 


4. Coordinates. When points are not in the same 
st. line, their positions are determined by their distances 





VS 


Fia. 2. 


from two st. lines #’Ox and y’Oy drawn through the 
origin, the distances being measured in directions || to 
the given st. lines. 
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These lines are called the axes of coordinates, or 
shortly, the axes. 


xOx is called the axis of 2, and y’oy is called the 
axis of y. 


From a point P draw PM || Oy and PN | Ow, terminated 
in the axes. 


PM is called the ordinate of P, and PN (= OM), is 
called the abscissa of P. These two distances, the 
abscissa and ordinate, are called the coordinates of 
the point. 


Sometimes, from the name of the inventor, they are 
spoken of as cartesian coordinates. 


5. Rectangular coordinates. When the axes are at 
rt. Zs to each other, the distances of a point from 
the axes are called its rectangular coordinates. 





Fie. 3. 


To locate the point of which the abscissa is 4 and 
the ordinate 3 when the coordinates are rectangular, 
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measure the distance OM = 4 units along Ox and at 
M erect the 1 PM=38 units. P is the required point. 


























































































Fie. 4. (Unit = 4 inch.) 


In Fig. 4, the abscissa of P = OM = 2°8, the ordinate 
of P=PM=2. The position of this point is then 
indicated by the notation (2°8, 2). For Q, the abscissa = 
ON = - 1°6, the ordinate = QN = 2°6 and the position 
of the point is indicated by (—1°6, 2°6). 

Similarly the position of R is (—1, —1‘6), and 
that of S is (1-4, —1:2). 

xOy, yOu’, wOy’ and y’Ox are respectively called 
the first, second, third and fourth quadrants; and we 
see from the diagram, that :— 


for a point in the first quadrant both coordinates 
are positive ; 
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for a point in the second quadrant the abscissa is’ 
negative and the ordinate is positive ; . 


for a point in the third quadrant both are negative; 
and 


for a point in the fourth the abscissa is positive and 
the ordinate is negative. 


Thus the signs of the coordinates show at once in 
which quadrant the point is located. 


6.—Exercises 


1. Write down the coordinates of the points A, B, C, D, 
E, F, G, H and O in Fig. 5 





























Fie. 5. (Unit = 7 inch.) 














2. Draw a diagram on squared paper, and mark on it 
the following points:—A (4, 3), B (4°6, 0), C (-2, —3), 

D(- 4, 2), E (0, 2°8). Indicate the unit of measurement 
on the diagram. 


3. Draw a diagram on squared paper and mark the 
following points :—(4, 3), (3, 4), (-— 3, — 4), (- 4, 3), (0, 5), 
(0, — 5), (- 5, 0). Describe a circle with centre O and 
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radius 5. Should the circle pass through the seven points? 
Why? 


4. The side of an equilateral A = 2a. One vertex is at 
the origin, one side is on the axis of x and the A is in the 
first quadrant. What are the coordinates of the three 
vertices ? 


5. One corner of a square is taken as origin and the axes 
coincide with two sides. The length of a side is 6. What 
are the coordinates of the corners, the square being in the 
first quadrant ? 





THE DISTANCE BETWEEN Two PoINTS 


7. In general, the abscissa of a point is represented 


by «, the ordinate by y. 


8. To find the distance between a point P (a,, y,) 
and the origin. 





Fig. 6, 
From P draw PM | O2. 
* PMO is a rt.-Zd A, 
*. PO? = OM? + PM? 


= Gy TAG 
“ PO = //x/?+ y,2 
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9. To find the distance between P (2,, y,) and 
Q (Xa, Y2)- 





Fig. 7. 
Draw PM and QN 1 Oz; QL | PM. 
QL = NM = OM - ON =@, - &,. 


PL = PM - LM = PM - QN= y - Yy 
“PLO: 18-41-20. A, 
“. PQ?’ = QL’ + PL’. 
= (x, - x.) + (y, - ¥5)% 
o PQ=Y(K - £2) +(y, - yo)” 

10. If the point Q in §9 coincides with the origin 
O, z,=0 and y,=0. Substituting these values, in the 
expression for PQ in that article we obtain 

PO 1707 4,7. 

This shows that the result in §8 is a particular case 

of that in § 9. 


11. The result in § 9 holds good, in the same form, 
for any two points whether the coordinates are positive 
or negative. 
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For example—it is required to find the distance 
between P (— 3, 2) and Q (5, — 2). 


Pe 
EEE 
































SEAS RAEP ARS SAM eee 
PARAS AL LAURA SEN 
SkRUSe.RS Meme 


ee Belo R be Bekah hot | eee) 
BRRANEE AER RERSRENS 
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eHa eS ane est mangement 
HSanhasEne HACE 
RESGMEEREY PARE 


EES PRR EE BT. 


BEARER RRARS REP. 
RAR ARE NEE HOMER 
SERGRREROFS BET 


NK | 


nln 
Fia. 8 (Unit = yt inch.) 
Draw PM, QN | Oz; QL 1 PM. 
The length of ML = length of NQ = 2. 
“ PL=PM+ML=242=4, 
The length of Q. = NM=5+ 3 = 8, 
PQ? = QL?+ PL? 
= 64+ 16 = 80. 
PQ=47/5. 
If in the expression for PQ found in § 9, we sub- 


stitute — 3 for 7, 2 for y,, 5 for and — 2 for y,, 
we obtain 





PQ= V(- 38 - 5P+(2+ 2) 
= 41/5, 


the same result. 


THE DISTANCE BETWEEN TWO POINTS 9 


12. The particular cases in § § 10 and 11 illustrate 
what is known as the continuity of the formule 
in analytical geometry. Here continuity means, that 
general results which are obtained when the coordinates 
in the diagram used are all positive hold true in’ the 
same form for all points. 


13. To find the coordinates of the middle point 
of the distance between two given points P (a, ¥;) 
and Q (%») Y.). 









pe ep Od he 
= 






= 
c® 


rmh---- 


Fic. 9. 
Let R (x, y) be the middle point of PQ. 
Draw PM, QN, RL L Ox; QS | RL; RT 1 PM. 
From the equality of As PRT, RQS, 

QS = RT and RS = PT. 





:. NL = LM, 

ee L— LH, = ty — U 

ee © Tt Xo 

a 9 

** RS = PT, 

wemoms 2 Un Ys 
Yt Yo 
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Thus the coordinates of R are 





X, +X, yi + Ye 
s ; 
2 


14. To find the coordinates of the point dividing 
the distance between P (x, y,) and Q (x, y,)in the 
ratio of m to n. 





Fie. 10. 


Let R (x, y) be the point dividing PQ such that 
PR m 
RQ Reon 

Draw PM, QN, RL | Ox; QS 1 RL; RT L PM. 

From the similar As PRT, RQS 


RT PT _PR_m 
OS 7 RS. RO 








RT _™ 

QS in’ 

- %—e& mM 
C—f nr 


ML — ML, = NX, — NM, 


EXERCISES ll 


rs ge = Wa My 
Fh m+n 
ee Rie 
O RS n- 
Heat peg 
5 favre dame L 
S. my — MY, = Ny, — NY. 
a ees 
m+n 


Thus the coordinates of R are 


nx, + mx, ny, + my, 
mtn’ mtn — 





15. If the point R be taken in PQ produced such that 
PR: RQ = m:n, and the coordinates of P, Q be 
(21, Y:), (a, Y2) it may be shown by a proof similar to 
that in the previous article that the coordinates of R are 

mx, —NxX, My, — ny; 
m-n’ m-n- 

These results and also those of §§ 13 and 14 are 

the same for oblique and rectangular axes. 


16.—Exercises 


1. Find the distance between the points (6, 5) and (1, —7) 
and test your result by measurement on squared paper. 


2. Find the distance between the points (2, —3) and 
(—1, 1) and test your result by measurement on squared 
paper. 

3. Find the coordinates of the middle points of the st. lines 
joining the pairs of points in exercises 1 and 2 respectively 
and test the results by measurements on the diagrams. 


12 ELEMENTARY ANALYTICAL GEOMETRY 


4, Find, to two decimal places, the distance between 
(-3, 7) and (4, —4). 

5. The vertices of a A are (—2, 4), (—8, —4) and (7, 4). 
Find the lengths of its sides. 

6. The vertices of a A are (-1, 5), (-—4, —2), (5, —3). 
Find (a) the lengths of the sides; (b) the lengths of the 
medians. 

7. The vertices of a quadrilateral are (4, 3), (—5, 2), 
(-3, -4), (6, —2). Find the lengths of its sides, and also 
of its diagonals. 


8. Find the coordinates of the middle point of the st. 
line joining (3, —2) and (—3, 2). 

9. Find the points of trisection of the st. line joining 
(1; 3) and (6, 1). 

10. The st. line joining P (—4, -—3) and Q (6, —1) 
is divided at R (a, y) so that PR:RQ = 5:2. Show that 
eo = “~ 2y. 


11. Find the length of the st. line joining the origin to 
(a, — 6). 

12. The st. line joining the origin to P (-—4, 7) is 
divided at R, Q so that OR:RQ:QP=3:4:2. Find 
the distance RQ. 


13. The length of a st. line is 17 and the coordinates of 
one end are (—5, —8). If the ordinate of the other end 
is 7, find its abscissa. 


14. Find in its simplest form the equation which expresses 
the fact that (x, y) is equidistant from (5, 2) and (3, 7). 


15. Find the centre and radius of the circle which passes’ 
through (5, 2), (3, 7) and (-2, 4). 


EXERCISES 13 


16. Find the points which are distant 15 from (—2, — 10) 
and 13 from (2, 14). 


17. Prove that the vertices of a rt.-Zd A are equidistant 
from the middle point of the hypotenuse. 


Suggestion :—Take the vertex of the rt. 2 for origin and 
the sides which contain the rt. Z for axes. 


18. In any A ABC prove that 
AB? + AC? = 2 (AD?-+ DC), 
where D is the middle point of BC. 


Suggestion :—Take D as origin, DC as axis of x and the 
1 to BC at Das aais of y. Let DO =a, and the coordi- 
nates of A be (x1, Yy): 


19. If D is a point in the base BC of a A ABC such 
that BD: DC = m:n, show that 


nm AB? + m AC? = (m+ n) AD? + n BD? + m DC’, 


Suggestion :—Take D as origin, DC as axis of x and the 
1 to BC at Das axis of y. Let BD = - ma, DC = na, and 
the coordinates of A be (a, y,). _ 


20. The vertices of a A are the points (2, y,), (® Y2)s 
Bo, . Find the coordinates of its centroid. 
9 Ys 


21. The st. line joining A (2, 1) to B (5, 9) is produced 
to C so that AC:BC = 7:2. Find the coordinates of C. 


22. The st. line joining A (3, —2) to B (-4, —6) is 
produced to C so that AC:BC = 3:2. Find the coordi- 
nat2s of C. 
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THE AREA OF A TRIANGLE 


17. To find the area of the A of which the 
vertices are A (x, y,) B (%» y.) and C (ay ¥) 





Fig. 11, 


Draw the ordinates AL, BM, CN. 
From the diagram, 
A ABC = ALNC + CNMB - ALMB. 


The area of a quadrilateral of which two sides 
are || = half the sum of the || sides x the distance 
between the || sides. 


”, ALNG = 4 (AL+CN) XLN = 4 (y, + Ys) (@3 - %); 
CNMB = 3} (CN + BM) X NM = $ (y, + Yp) (He — £3), 
ALMB = 3 (AL + BM) X LM = 3 (y, + Yo) (#2 - %). 

“JK ABC =4 {(y, + Ys) (3 — &)+ (Ys + Yo) (Xe - Xg) - 
(y+ Yo) (&y - a,)}. 
Simplifying, 
A ABC = 4 {x, (y, - ys) + Xa (Ys - Ya) + Xe (Yi - Yo) }- 
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Nott.—The points have been taken in circular order about 
the A in the opposite direction to that in which the hands of 
a clock rotate ; of they are taken in the same direction as the 
hands rotate, the formula will give the same result only it 
will appear to be negative; but, of course, the area of a A 


must be positive. 


18. To find the area of the A of which the vertices are 
(3, 2), (— 4, 3), (— 2, —4). 





AQF Cee hae 
Nevane 


Ewe 
it Hao ZnnE 
ERR 


Fia. 12, (Unit = ¥, inch.) 





Draw the diagram on squared paper. Draw the 
ordinates AL, BM, CN. ‘Through C draw RCS|| Oz to 
meet AL, BM produced at S, R, 


A ABC = BRSA —- A BRC - / ACS, 
91 


BRSA = 4(BR + AS) RS =3 (7 + 6)X7 => 
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1 
A BRC = }ERKRC=EX7X2=—- 

30 
A ASC = }$ASXSC=3X6X5=—- 





~ A ABC mg 14 = S09: 47 
pa 2 
If we substitute the coordinates of A, Band C in the 
formula of §17, we obtain 
A ABC = 3 {3(8+4)+(-4)(-4- 2)4+(- HA-d)} 
47 
the same result as before. 


This illustrates the continuity of the sywmetrical 
result found in §17 for the area of a A. 


19.—Exercises 
1. Find, from a diagram, the area of the A of which 
the vertices are (0, 0), (a, 6), (c,d). Check your result by 
using the formula of § 17. 


2. Draw the following As on squared paper and find 
their areas; checking your results by using the formula of 
§ 17:— 

(a) (1, 4), (-2, 2), (5, - 1); 
(0) (a, a), (= 5, -1), (-2, — 6); 
(c) (0, 0), (8, 4:5), (—2°5, 4). 


3. Find the area of the quadrilateral of which the 
vertices are (3, 6), (—2, 4), (2, —2) and (7, 3). 


4, Find the area of the quadrilateral of which the 
vertices are (0, 0\, (4, 0), (3, 6) and (— 3, 3). 


THE AREA OF A TRIANGLE 17 


5. D, E, F are respectively the middle points of the sides 
BC, CA, AB of a A. Prove by the formula of § 17, 
taking B as origin and BC as axis of a, that A ABC =4A 
DEF. 


6. Find the area of the A of which the vertices are 
(w, y), (3, 5), (-2, 4); and thence show that if these 
points are in a st. line 5y — a = 22. 


7. Find the area of the A A (-3, 2), B (7, 2), C (38, 10); 
and show that the L from A to BC = BC. 


8. A man starts from O and goes to A, from A to B, 
B to C, C to D, D to O. If O be taken as the origin 
and the coordinates of A, B, C, D are (0, —3), (8, 3), 
(-4, 8), (-4, 3), find ‘the distance he has travelled, the 
unit being one mile. 


9. Show from the formula for the area of a A that 
A (3, —2), B (19, 10) and C (7, 1) are in the same st. 
line. Find the ratio of AC to CB. 


10. Show that if the coordinates of the vertices taken in 


order of a quadrilateral are (x, y,), (®» Y,), (sg Ys) and 
(x y,), its area is 


3 {x, (Yo — ¥4) + Hy (Ys — Yr) +3 (V4 — Yo) + My (My — Ys}: 

11. In the A OAB, P is taken in OA, Q in AB and R 
in BO so that OP: PA = AQ: QB = BR: RO=3: 1. 
Show that A PQR: A OAB =7 : 16. 
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Loc! 


20. The definition of a locus is:— 


When a figure consisting of a line or lines con- 
tains all the points that satisfy a given condition, 
and no others, this figure is called the locus of 
these points. 


The condition which the points satisfy may be 
expressed in the form of an equation involving the 
coordinates of the points. For example, take the locus 
of the points of which the ordinate is equal to 3. 
This condition, which is expressed by the equation 
y = 8 [e.:—Oxz + y = 8], is satisfied by an infinite 
number of points, as (0, 8), (1, 3), (2, 3), (7, 3), (—4, 3), 
ete. All such points are on a st. line AB || to Ov and 3 





y' 
Fig. 13. 


units above it; and this st. line contains no points which 
do not satisfy the condition. Thus the equation y = 3 
represents the line AB. 
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Similarly the equation y = —3 represents a st. line 
|| Ox and three units below it; « = 3 represents a st. 
line |; Oy and three units to the right of the origin, 
and « = —5 a st. line || Oy and 5 units to the left 
of the origin. 

For another example let us take the condition to be 
that the abscissa and ordinate of each point are equal. 
The points (0, 0), (1, 1), (2, 2), (4 4), (-1, -)), 
(—5, —5), ete. satisfy this condition. It is expressed 
by the a y =a. If we draw a diagram on 





























Fie. 14. (Unit = y4 inch.) 


squared paper, mark some of these points on it and 
join them we get a st. line AB bisecting the Zs xOy 
and «’Oy’ every point on which satisfies the given con- 
dition. Between O and (1, 1) there are an _ infinite 
number of points, (4, 4), (4, 4), Go vs) Gs, ws), ete, 
which satisfy the condition, and so on continuously 
throughout the line. Thus the equation y = a represents 
the line AB. 
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Again, we may consider the point which moves so 
that its distance from the origin is always 5. Its locus 
is plainly the circumference of a circle. Particular 
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Fie. 15. (Unit = , inch.) 


points on this locus are (5, 0), (4, 3), (3, 4), (0, 5), 


(—38, 4), etc, and its equation is Jat + y? = 5, or 
e+ y® = 25. 


21. In the equation of a locus the numbers that 
are the same for all points on the locus are called 
constants; while those that change in value con- 
tinuously from point to point are called variables. 


Thus, in the equation #? + y? = 25, # and y are 
variables and 25 is a constant 
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22.—Exercises 


1. Find four or five points on the locus represented by 
each of the following equations; and draw the locus on 
squared paper in each case :— 


(a) « = —4; ()a+y=0; (c)u-2ty =0; 
(d) 3a+y=0; @)e=yt4;s (f) + y? = 169. 
2. A point moves so that its distance from the axis of 
x is 5 times its distance from the axis of y. Find the 
equation of its locus. 
3. What locus is represented by the equation (a) y = 0; 
(b) « = 02 
4, A point moves so that it is equidistant from the 
origin and from (8, 0). Find the equation of its locus. 


5. A point moves so that it is equidistant from the 
origin and from (3, —5). Find the equation of its locus, 
and draw the locus on squared paper. 


6. A point is equidistant from (1, —2) and (-3, —4). 
Find the equation and draw the locus on squared paper. 
7. A point moves so that its distance from (4, 3) is 


always 5. Find the equation and show that the locus 
passes through the origin. 


8. The coordinates of the ends of the base of a A are 
(-—2, —3) and (4, -1), and the length of the median 
drawn to the base is 6. Find the equation of the locus of 
its vertex. 


9. The coordinates of the ends of the base of a A are 


(0, 0) and (5, 0), and its area is 10. Show that the 
equation of the locus of its vertex is y = 4. 


10. The coordinates of the ends of the base of a A are 
(-1, -—2) and (5, 1) and its area is 9. Find the equation 
of the locus of its vertex. 
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23. An equation connecting two variables « and y 
has an infinite number of solutions. For example, in 
the equation y = 3a + 7,if any value is given to 2, 
the corresponding value of y may then be determined. 
Thus, when 


(a) es Oyen =e, 


(6) ee EE ae, 

(ce) ey = 135; 

(dl) sd i a, 

(e)x= —3,y = —2, 

(he= hy= 8 
ete. 


The, in general, continuous line which passes through 
all the points (a), (6), (c), etc., is the locus represented by 
this equation. 


Another equation as 4a + 3y =8 has also an infinite 
number of solutions, and if these two equations are 
solved together, the common solution obtained, in this 
case « = —1, y=4, gives the coordinates of the point 
of intersection of the loci represented by the equations. 


Sets of solutions which satisfy the equation 
4x + 3y = 8 are given in the following table :— 
% ¥ 


(iy =} 4, 
Ci) eee 0 
Gi). Sp = 4 
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If we plot these two sets of results on squared 
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Fig. 16. (Unit = 7, inch.) 





paper, we see that the loci appear to be st. lines 
which intersect at the point (d) (—1, 4). 


24.—Exercises 


1. Plot the following loci on squared paper and find the 
coordinates of their points of intersection :— 


(a) 4e¢- y= land « -2y =-12; 
(6) x+2y = Tand 5a -2y = 11; 
(c) 3a+ 8y = — 18 and 4x + 3y =- 1; 
(d) 3x+4y = Oand a+ y? = 100; 


(e) 3x —- 5y4+45=Oand a?+ y? = 169. 


2. Find the points where the locus 3x — 5y+ 45 =0 
cuts the axes. 


3. Find the points where the locus x? + y? = 6 « cuts 
the axis of z. 
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4. Find the locus of a point such that the square of its 
distance from (— a, 0) is greater than the square of its 
distance from (a, 0) by 2 a? . 


~ 


5. Find the equation of the locus of a point such that 
the square of its distance from (—2, —1) is greater than 
the square of its distance from (5, 3) by 11. 


6. A (1, 0) and B (9, 0) are two fixed points and P is a 
variable point such that PB = 3PA. Find the equation of 
the locus of P. 


7. Plot the following loci and show that they are 
concurrent :— 


3a + 4y = 10, 5a - 2y = 8, da +y = 9. 


CHAPTER II 
THE STRAIGHT LINE 


25. To find the equation of a st. line in terms of 
the intercepts that it makes on the axes. 





Fie, 18, 


Fig. 17, 
Let the st. line cut the axes at A, B so that OA =a, 


OB = b. 
Take P (a, y) any point on the line, and draw PM || Oy 


and terminated in Oz at M. 


From the similar As APM, ABO, 


PM _ AM 
BO AO° 
Y _a—2 
ae 
ares ae 
ees 1 


Nort.—I¢t is seen from the diagrams that both the proof 
and the form of the equation are the same for oblique and 


rectangular axes, 
25 
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26. To find the equation of the st. line passing 
through A (a, y,) and B (a, y,). 





Fig. 19. Fig. 20. 


Take any point P (a, y) on the st. line. 


Draw AK, BL PM | Oy and terminated in Oz at 
K, L, M; and AN, BR || Ox and respectively terminated 
in PM at N and AK at R, 


From the similar As PNA, ARB, 


AN _ PN 
BR AR 


AN = KM = OM - OK=a,-@, 
BR ‘= LK = OK - OL=2,- &,, 


PN = PM - NM=PM- AK=y-y, 


ll 


AR = AK - RK AK - BL=¥,- Y, 


on) oe ee 
X%,-X yi- Jz 
Notr.—/t is seen from the diagrams that both the proof 


and the form of the equation are the same for oblique and 
rectangular axes, 
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27.—Exercises 


1. The equation of the st. line passing through (4, 3) and 
(-2,7) is by the formula of § 26 


Ce GY 3 
442° 3-7 
or, 2x + 3y = 17. 
To find the intercepts which this line makes on the axes, 


let y = Oand ., « = 8}, let x = 0 and - ee: By § 25 
the equation of the line may now be apes 


ey 
ght ligt die | 
8i ' Be 


This is clearly the same as 2x + 3y = 17. 


2. Write down the equations of the st. lines which make 
the following intercepts on Ox, Oy respectively :—- 

(a) 5, 2; (6) -—4, -6; (c) 3, -8. 

3. Find the equations of the st. lines through the follow- 
ing pairs of points :— 

(a) (6, 2), (3, 1); (6) (-1, 9 (-3% -1)3 @ (4-8) 
(-7, 2). Find the intercepts these st. lines make on the 
axes. 

4. Find the point where the st. line which makes inter- 


cepts — 3 and 5 on Ow and Oy respectively is cut by the 
st. line « = —5, 


5. Find the point where the st. line making intercepts 7 
and 2 on Oz and Oy respectively meets the st. line through 
(—2, 7) and (5, —3). 

6. Find the point where the st. line through (3, 5) and 
(-7, —1) meets the st. line through (-8, 2) and (6, 5). 
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7. Prove that (11, 4) lies on the st. line joining (3, — 2) 
and (19, 10) and find the ratio of the segments into which 
the first point divides the join of the other two. 


8. Find the equations of the sides of the A of which 
the vertices are (4, —2), (—5, —1), and (-2, -6). Find 
also the equations of the medians of the A and the coordi- 
nates of its centroid. 

9. The vertices of a quadrilateral are (3, 6), (—2, 4), 
(2, — 2) and (7, 3). Find the equations of the four sides, 
Find also the equations of the two diagonals. 

10. Find the vertices of the A the sides of which are 
lla -—3y = —45, 5a -lly = 47 and 3a + 4y = 7. 


11. P («,, y,) is any point and +e = 1 cuts Ox, Oy at 
a 
A. B respectively. Show that the area of the A PAB = 
3 (ba, + ay, — ab). 
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28. As explained in elementary algebra, the degree 
of a term, with respect to certain letters, is the number 
of such letters that occur as factors in the term. 

3a, —5y, ax, by are terms of the first degree with 
respect to « and y. 


5a?, 3y?, —2xy, av? are terms of the second degree 
with respect to « and y. 


29. Degree of an equation. An equation is said to 
be of the first degree in # and y when it contains a 
term, or terms, of the first degree in x and y, but no 
term of a higher degree than the first. 


The general equation of the first degree in x and 


y 18 
Axv+ By+C=0. 


An equation is said to be of the second degree in 
z and y when it contains a term, or terms, of the 
second degree in # and y, but no term of a higher 
degree than the second. 


The general equation of the second degree in x 
and y is 

Ax? + Bry + Cy?+ Dv +EY+F =0, 
or, in a more convenient form, 


ax? + 2hay + by? + 2gu + 2fy +¢ =0. 
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30. To prove that an equation of the first degree - 
always represents a st. line. 


Let (x, 4), (a Yo), (3 Y3) be any three sets of 
simultaneous values of w and y which satisfy the 
equation Av+ By+C = 0. 

Then, (1) Av, + By, + C = 0. 
(2) Av, + By, +C = 0. 
(3) Av, + By, + C = 0. 
From (1) and (2), 
A B Cc 
Yi- Yq %y- 2, L,Y - Let 

Dividing the three terms of (3) respectively by 
these equal fractions and 0 by any one of them, 

@y (Yy — Yo) + Ys (He — %) + ® Yo — Hy Y, = 0. 

Rearranging the terms, we get 

(4) @ (Y2 — Ys) + #2 Ys — Mi) + % (J — Yo) = 0. 

From § 17 the area of the A formed by joining 
(@, Yi), (@y Yo), (Ws, Ys) 18 

£ {x (Y2 — Ys) + % (Ys — i) + % (V1 — Ya)} 


and .*., from (4), in this case, the area of the A is 
zero. 


This can only be so when the three points are in a 
st. line, and .. as any three points the coordinates of 
which satisfy 

Avc+ By +C=0 
are in a st. line, this equation must always represent 
a st. line. 
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AY—nm~ 


31. The equation Av+ By+C=0 may be changed 
to the form 


Scie S 4+ rte BS NES 
wh ® eV 
A B 
and by comparing this with the equation of § 25 
eae 
Pe eae 


we see that the intercepts which tlhe st. line 


Ax + By + C=0 makes on the axes of w and y are 
respectively 


Cc 
re and —e it 


The same results are obtained by alternately letting 
y = 0 and « = 0 in Ax + By + C = 0. 


32. To obtain the result of §26 from the general 
equation of the first degree. 


Let (x, Y1), (a, Ya) be fixed points on the st. line 
represented by the general equation, and we have 


(1) Av + By +C=0, | R 
(2) Ax, + By, + C = 0, Rest.) + Plays) = RL 
(3) Av, + By, + C = 0. 
From (2) and e 
ee hoe = = — 
YW Yo Uy -— By ByYy — oY 
, from (1) and (4), 
@(Y, — Yo) + Y (2 — %) + MY. — TY, = O. 
This equation is seen to be the same as 


MA ACO YGF YY 


XL, — Xs ay 
when the latter is cleared of fractions and simplified. 


I 
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33. To find the equation of a st. line in terms of 
its inclination to the axis of x and its intercept on 
the axis of y. 





Fig. 21. 


Let the st. line cut Ox, Oy at A, B respectively, 
L BAz = a, and OB = b, 


Take any point P (#, y) in the line, and draw PM 1 
Ox, PN L Oy. 
BN BO-PM_O0-¥y 
PN. OMS aa 





Tan BPN = 
But, tan BPN = tan PAM = -—- tana. 
fe _ tan a= pe 
a 
and , y= «atana+tb. 


If we let tan a = m, the equation becomes 


y = mx + b. 


— — 
yee —— 
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In this equation m is called the slope of the line, 
and the Z a, or tan-!m, is always measured by a 
rotation in the positive direction from the positive 
direction of Ow, ae, the Z is traced out by a radius 
vector starting from the position Ax and rotating 
about A in the positive direction to the position AB. 


Nore.—For oblique axes the proof and result are different 
from those given above for rectangular axes. 
34, The equation Ax+ By+C=0 may be changed to 
A Cc 


=— = 2=— 


B B’ 
from which by comparison with 
y = mex + b, 
it is seen that the slope of the st. line Av+ By+C=0 


is — = and its intercept on the axis of y is — o. 
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35. To find the equation of a st. line in terms of 


the 1 on it from the origin and the Z made by a 
positive rotation from Ox to this 1. 





Fie, 22. 


Let the 1 OM from O to the line 


= p, and 
Z xOM = a. 


Take any point P (a, y) in the st. line. 
Draw PN 1 Ow, NR 1 OM, MH||Gy to meet NR at H. 
OR + RM = p. 
OR = ON cos RON = & cosa. 
RM = MH cos RMH = PN cos MOy = y sina. 
..Xcosa + ysina=p. 
Nore.—For oblique axes the proof and result are different 
from those given above for rectangular axes. 
36. To reduce the equation Ax + By + C = 0 to 
the form a cos a + y sim a = p, where p is alwaysa 
positive quantity. 


The equations 


“cosaty sina—p=0 
Ax + By + cC = 0 
will be identical if 
cosa sina —p 
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If C is a positive quantity, 





p _cosa sina V0c0s*a+ sina 1 
Cc -A -B V+ B VAT Bs 
a : 6 Cc 
oe ee, Sg =, AN = 
oe: VA+4+ B 


vat 
If c is a negative quantity, these results should be 
written 


F B -C 
COSM amt pea UIUC maar ee ee 
“ V A+ B? < Vast BrP VA? + B? 
Thus the equation is 
EAM. SE BY): Ly 53: 0. 


VA+B? VYA+B A+B?’ 
the upper signs being taken when C represents a 
positive quantity and the lower signs when C repre- 
sents a negative quantity. 


37. Ex. 1. Reduce the equation 3x + 4y — 12 = 0 to 
the form w cosa + y sina = p. 
Here //3? + 427 = 25 = 5. 
Dividing the given equation by 5 
SHO tae eer 
en eaemrat 4 
cosa = = wna = and . @ = tan Be) while the 


1 from the origin on the line is "4 . 


Ex. 2. Reduce the equation « — y+ 7=0 to the 
form « cosa + y sina=p. 
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Here //1? + 1? = V2. 
Dividing the given equation by — V2 
ES ee | Bast 


ot a 2 


7 
or, & cos 135° sin 185° = —., 
+y /2 


1.¢.,a = 135°, and the | from the origin on the st. 
line is —. 
V2 

38. To find the equation of a st. line in terms of 


the coordinates of a fixed point on the line and 
the Zz which the line makes with ox. 





‘ 
' 
! 
' 
' 
N 





Fig. 23, 


Let Q (a, y,) be the fixed point and 6 the Zz. 
Take any point P (x, y) on the line and let QP=7, 
Draw PM, QN 1 Ow and QR 1 PM. 
QR PQ cos PQR. 
QR = NM = @ — @, and Z PQR= Zz 86, 





cos @ : 
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PR = PQ sin PQR. 
PR = PM — RM = PM— QN=y — yy, 





. Ue he 

< Ai ee al 
Sha Wine: Sage beeen 
cos 0 sin 0 . 


This form will frequently be found useful in pro- } 
blems that involve the distance between two points on %, 


a st. line. 
If cos 9 =1 and sin 0 = m, the equation becomes :— 
xX _  Absese A Re ltens 
l m 
Zl and m are called the direction cosines of the st. 
line, and 7? + m? = 1. 
89. For convenience of reference the different forms ? 
of the equation of the st. line are here collected: — 
(1) Ax + By +C=0. 


eae eee 
(2) =i. 


(8) eens mee 
a at Sn. mela 
(4) y = ma + 6. 
(5) ce cosatysnrna=p. 
eee es aa 1 
Olea ns 





= Te 


If the st. line passes through the origin (4) takes 
the convenient form :— 


(7) y = ma, 
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If the st. line joins the origin to a fixed point 
(x, y,), we get, by letting 2, = y, = 0 in (3):— 


() ert 


% yy 
If the st. line passes through (a, y,) and its slope is 
m, the equation is easily seen from (4) to be 


(9) y-—Y=™ (w - M). 


40.—Exercises 


1. Name the constants and variables in each of the nine 
equations of § 39. Explain the meaning of each constant. 
Which of these equations are of the same form for rectangular 
and oblique axes ? 


2. Draw the following st. lines on squared paper :— 

(a) @ + 2y =8; (b) 8x - Ty = - 53 (0) F+E = -15 
(d) 2x + 3y = 13; (e) 3y = 4a, 

3. Find the equation of the st. line, — 

(a) through the origin and making an Z of 30° with Ow; 

(6) through the origin and making an Z of 120° with Ox; 

(c) through (0, 5) and making the 4 tan -1 3 with Ox; 

(d) through (0, —3) and making the Z cos -1 3 with Oz; 

(e) through (—3, —4) and making the Z 45° with Oz. 

4. In the A of which the vertices are (-2, 5), (3, —7), 
(4, 2) 

(a) find the slope of each side ; 

(6) show that the medians are concurrent and find the 
centroid. 


5. O (0, 0), A (6, 0), B (4, 6), C (2, 8) are the vertices 
of a quadrilateral. Show that the st. lines joining the 
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middle points of OA, BC, of AB, CO and of OB, AC are 
concurrent, and find the coordinates of their common point. 


6. Find the equation to the st. line through (-— 4, 3) that 
cuts off equal intercepts from the axes. 

7. Find the length of the 1 from the origin to the line 
32+ Ty = 10; find the 2 which this L makes with Ow. 

8. What is the condition that the st. line Ax + By-+C=0 
may 

(«) pass through the origin ; 

(B) be || Ox 

(c) be || Oy; 

(d) cut off equal intercepts from the axes, 

(e) make Z 45° with Ox; 

9. What must be the value of m if the line y = mz-+-J 
passes through (-— 2, 5)? 

10. Find the values of m and 6, if the st. line y = ma -+ 3 
passes through (- 2, 3) and (7, 2). 

11. Find the values of a and 6, if the st. line @ aoe =] 
passes through (— 2, —5) and (4, — 2). y 

12. Show that the points (4a, - 3b), (2a, 0), (0, 30) are 
in a st. line. 


13. Show that the intercept made on the line « = & by 
the lines Ax + By + C = 0 and Ax+ By+C’ = 0 is the 
same for all values of k. 


14. P (x,, y,) is any point and the line Ax + By +C=0 
cuts Ox, Oy at N, R respectively. Show that A PNR = 


Cc 
2 AB (A% + By, + C). 
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THe ANGLE BETWEEN Two STRAIGHT LINES 


41. To find the Z between two st. lines whose 
equations are given. 


(i) Let the given equations be y =m a+, and 
y= me + bp. 





Fig, 24. 


Let AB be the line y = m+, and AC be the line 
y = m e-+b, when B, C are on the axis of a Let 
L BAC = 86. 


Then m, = tan ABZ, m, = tan AC. 4 


Z2@= 2 ABt — Z AC2. \ See doltes Ul Li.) 


tan ABa — tan ACa 





. tan 0 = ty, 
ep ~ 1+ tan ABa.tan ACe” 1+ mm, 
m, —m 8) 
= tan =. 2 Q< Xun 
P 1+ mm, C 


DL KAM. LV dy 
(ii) Let the given equations be Av+ By+C=0 and™!} 
Awv+By+c, = 0. y 

These equations may be changed to 
A Cc 
yu — Ben | andy = — ge- 5 
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.., writing — 2 for m, and _* for m, in the above 
1 
result, the 2 between the lines 


ALA, 
B, A,B — AB, 


B 
— SS — Coe Ti Se ae ee eT , 
= tan ; we tan AA, + BB, 
“ BB, 


42. Condition of Parallelism. If two st. lines are 
|, they make equal 2s with the axis of a, a.e., their 
slopes are the same. 


., if their equations are y = me + b, and y = 
my + b,, the condition is 
m, = m.,. 


If their equations are Avy + By + C = O and 
Aw + By + C, = 0, the condition is 
A A; 


B B, 
or, AB, = A,B = 0. 


4 : A . 
This may also be written 7 = ss and we see that 
1 1 


the equation ax + by = k can be made to represent 
an infinite number of || st. lines by giving different 
values tok; as:— ax + by =k, ax + by = k,, ete. 


43. Condition of Perpendicularity. If the st. lines 
y= mec+ b, y = me t+ b are 1, 
Li et ren» 
a +mm, 2 
by eT: 


1+ mm, 
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This will be true if 1 + mm, = 0, and |, the 
required condition is 
mm, = — 1, 
Similarly, if Ax + By + C=0 and Aw + By +cC,=0 
are 1. 
AA, + BB, = 0. 
The st. lines 
Av + By +C=0 
Br — Ay + C,= 0 
satisfy the above condition and + are | to each 
other. 
44.—Exercises 


~ 


1. Find the 2 between the st. lines 
(a) 2a -3y = 9 andax+5y=11; 
(6) 3a + 5y = 12 and (17/3 + 30) + 33y = 19; 
(c) 5y = 3a + 12 and 5x + 3y = 17; 
(d) 4a + Ty = 13 and 3x -y = 6. 
2. Find the equation of the st. line || to 6x —Ty = 13 
and passing through (—2, —5). 


lI 


Solution :—The required equation is 
6 (x + 2) - 7(y+5) =0; 
4.¢., 62 —- Ty = 93. 
3. Find the equation of a st. line through (- 3, - 5) 
and || to 9x + 4y = 18. 


4. Find the equation of the st. line drawn through (— 2, 
—5) and | to 6x —Ty = 13. 
Solution :—The required equation is 
7 (x + 2) + 6(y + 5) =0; 
3.e., 7x + 6y + 44 = 0. 
5. Find the equation of the st. line drawn through (4, 2) 
and | 3x -—-2y = 
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6. Find the equation of the st. line passing through 
(-—3, 5) and || to the st. line joining (2, 6) and (7, — 1). 

7. Find the equation of the st. line passing through (2, 6) 
and | the st. line joining (—3, 5) and (7, — 1). 

8. Find the equations of st. lines drawn through (5, 7) 
which make Zs 45° and 135° with Oz. 


9. Find the equations of st. lines drawn through (—5, — 3) 
which make Zs 30° and 150° with Oz. 


10. Show that the Ls from the vertices of the A (1, —3), 
(—5, —2), (4, 7) to the opposite sides are concurrent ; and 
find the coordinates of the orthocentre. 


11. Show that the 1s from the vertices of the A (0, 0), 
(a, 0), (b, ¢) to the opposite sides are concurrent ; and find 
the orthocentre. 

12. Find the ratio into which the | from the origin on 
the st. line joining (2, 6) and (5, 1) divides the distance 
between these points. 

13. Find the equations of the st. lines which pass through 
(h, &) and form with y = mx + 6 an isosceles A of which 
the vertex is at the given point and each base 4 = a. 





Fia. 25. 


Solution :—Let y -k = M (x — Ah) represent one side of the A 
where the value of M is to be found. 
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Time. = 
limM 


_ m+tana 
1 —mtana 





+, the equation of this side is 


me em m+tana iy *h 
y eer ) 


If for a we substitute 108° - a, the equation of the other side is 
found to be 
y- ee m— tana 


ae Sep ee eS 


14. Find the equations of the st. lines passing through 
(2, 8) and making an 2 of 30° with 3x — 12y = 7. 
15. Find the equations of the st. lines passing through 
(—1, —2) and making an 4 of 45° with =+¢ ax I 
) 
16. Show that the equation of the st. line through (a, 6) 


and making an 2 of 60° with z cosa+y sin a = p is 
y — 6 = (x — a) tan (a + 30°). 


17. Show that the right bisectors of the sides of the A 
(0, 0), (a, 0), (6, c) are concurrent ; and find their point of 
intersection. 

18. Find the equation of a st. line | to AtT+ By +C 
= 0, and at a distance p from the origin. 
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PERPENDICULARS 


45. To find the length of the 1 from P (x, y,) to 
Ax+ By +C= 0. 





Fis. 26. 


Draw PM | the given st. line. Join P to N,R 
the points where the given st. line cuts Oz, Oy 


A PRN = } PM.RN. 





Cc Cc 

ON = — , and OR =— 
Pn oe c fas. m 
* RN es A? + BY 


By the formula of § 17, 
aprn = ${2(—-§)-a(uts)} 


=> rea -|- BY, -+- C). 





: a Ia ‘dh ar 
3PM.nByA fe Sp A By, + C). 
_ pm = Ant BN+e 
V+ B 
The length of the 1 is -. 
Ax,+ BY, +C 
V+ Be? 
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In the diagram AB is the line represented by the 
equation 4a + 5y — 20 = 0. 





























oes BER nEe 
a RAT TY Beeses 
SERROMN AAS ‘Ua vases 
BPY USB TERR S Lk eeReSe 
PT ee TT Le oe eae 
PEPE ERE EEE PRE 
FEREURBNCH RSL WA SS Te we 
SSO 
SUCRNR ie 
SECC N 
BSSRHREAND CSSA I SR IReS 
To Lie CELE Lr 
Seeeeeees po ee tS 
a 
eae FE ane 








Fie. 27. (Unit = , inch.) 
If in the expression 4x + 5y — 20 we substitute 
the coordinates of points O, P, Q, R, S which are not 
in the line, the following results are obtained. 


For 0 (0, 0), 4a + 5y — 20 = — 20. 
it tk (5, —5), 4a + Ey — 20 = — 25. 
n Q(B; 5), 4a + by. — 20° egy, 


v R(5, 6) 40+ 5y — 20 = + 30. 
» $§ (10, 8), 4¢ + 5y — 20 = + 35. 
In these results it will be observed that :— 


For the origin the sign of the value of the expression 
is the same as the sign of the absolute term. 


For other points that lie on the same side of the 
given st. line as the origin the signs of the values of 
the expression are the same as the sign of the result 
for the origin; while, for points on the side remote 
from the origin the signs of the values of the expression 
are different from the sign of the result for the origin. 
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A formal proof of these properties is given in the 
next article. 


46. To prove that the sign of the expression Ax 
-+ By + C is different for points on opposite sides 
of the line Ax + By + Cc = 0, 


Jy 





Fig. 28. 


P (x, Yi), Q (2, Y2) are any points on opposite sides 
of Ax + By +C = 0. 


Draw PM, QR 1 Ow and let them cut the given line 
at N, S. 


Yy, = PM = PN + NM; y. = QR = SR — SQ. 
Ax, + By, + C = Az, + B.PN + B.NM 4 C, 
and Az, + By, + C = Av, + B.SR — B-SQ+C. 
But, «* Nand S are both on the given line, 
Ax, + B.NM + C = 0, 
and Av, + B.SR + C = 0. 
Ax, + BY, + C =B.PN, 
and Av, + By, +C= —B.SQ. 


.., since PN, SQ are both taken as positive quanti- 
ties, Av, + By, + C and Ax, + By, + C have opposite 
signs. 
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When 2 = 0 and y = 0 the expression Avy + By + C 
becomes C, .”. a point whose coordinates when substi- 
tuted in Av +'By + © gives the same sign as C 
is on the same side of the st. line Ax + By +C =0 
as the origin. 

47, Sign of the Perpendicular. It follows from 
the preceding article that, if the positive sign is 
always taken for 7/A? + B’, when the sign of 

Av, + By, + © 
VAP FB 
is the same as the sign of C, the point (@, ¥,) and 
the origin are on the same side of the line Aw + BY 
+ c= 0; and when the sign of this fraction is 
different from that of c, the point (a, y,) and the 
origin are on opposite sides of Ax + By + C = 0. 


48. To find the equations of the bisectors of the 





Fie. 29. 
Zs between the lines Ax + By + C = 0 and A,x + 
By+C,=09. 
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The 1s to the st. lines from any point P (a, y) on 
either bisector are equal to each other, 


.. the required equations are 


Ax+By+C | AX+By+C, 


VT BE VA+ Be? 

If the equations are so written that C and C, have 
the same sign and P is on the bisector of the Z that 
contains the origin, the {s from P have the same 
sign as the 1s from the origin on the lines, and the 
equation of the bisector is 


Ac+By+tC A,x+By+C, 
VA? + B? VAP + B? 








If P is on the bisector of the ~ which does not 
contain the origin, the 1s from P have opposite signs 
and the equation of the bisector is 


Av t+ By tC _ Aw + By + C, 
VA? + B? VA2 + B? 
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49. To find the distance from (a, 6) to Ax +By+C=0 
in the direction whose direction cosines are /, m. 


The equation of the st. line passing through (a, b) 
in the given direction is, by § 38, 
DED Pe 5D ee 








l m 
. ©=at+lr,y=b+mr. 
Substituting these values for # and y in Aw + By + 
Cc = 0, 
Aa + Alr + Bb + Bmr+c = 0. 
_ Aa + Bb ekg 


‘eae 3 
Al + Bm 





50. The length of the L from (a, b) to Aw + By + 
C = 0 may be deduced from the result of § 49. 


Re (Ob 


For, if j = Eee and Ax + By + C= 0 are 





1 to each other, 


A B Al + Bm 
l m 2 + m? sss 


iF 





I 


since 1? + m? 
Also each of these fractions 
VA? + Be 
* AL + Bm = VA? + B?, 
and the length of the 1 is 
an + Bb +e 
ve BE 
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51. To find the equation of a line passing through 
the intersection of two loci. 


The equation 

k (awn + By +C)4+/1 (Awt+By+C,)=90, (1) 
being of the first degree in # and y represents a st. line. 

If (a, y,) is the point of intersection of 
Ax + By +C =0 (2) 
and Ajw+By+cCc, = 0, (3) 
the values 2, y, substituted for w, y will plainly 
satisfy equation (1), and .. the st. line (1) must 
pass through the point of intersection of the st. lines 


(2) and (3). 


From the same reasoning the following more general 
theorem is seen to be true :— 


If two equations are multiplied by any numbers 
and the results either added or subtracted, the re- 
sulting equation represents a locus that passes 
through the point (or points) of intersection of the 
loci represented by the first two. 

52. Hxample—Find the equation of the st. line passing through 
the intersections of 17x - 7y=9, 3x + 19y = 34 and | to lla - 
4y = 13. 

l7xz — Ty - 9+ 1 (3u + 19y - 34) = 0 
is a st. line passing through the intersection of the first two lines, 
This equation may be written 
(3 + 17) x + (191 - 7) y - 34-9 =0, 
If this line is | to lle - 4y = 13, 
11 (31 + 17) - 4 (197 - 7) =0 
ea) 
and the required equation is found to be 
32x + 88y = 179, 
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53. To find the condition that the three st. lines 


a, & by Fie 0 eae ee (1) 
a, e+ by +t, = 00... ene (2) 
Oy Os tee, et De oa hs Wes (3) 


may be concurrent. 


If the three st. lines are concurrent, the coordinates 
of the common point satisfy the three equations. 
For that point, from (1) and (2), 
ne ese 
by —b,0,  CAg—G a ab,-a,b, 
Dividing the terms of (3) respectively by these 
equal fractions, 
ds (Dy Cy — by Cy) + by (Cy dg — Cz Gy) + C3 (a by — Ay d,) = 0. 
This is the relationship that must hold among the 
constants in order that the lines may be concurrent. 


TRANSFORMATION OF COORDINATES 


54. It is often necessary to change the coordinates 
involved in a problem into a different set which are 
referred to axes drawn 


(a) from a new origin, or 


(b) in directions different from the original axes. 
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55. To change from a pair of axes to another 
pair which are || to the former, but have a different 
origin. 





Fia. 30. 


Q (A, k) is the new origin. 


Let P (a, y) be any point referred to Ox and Oy 8), L 
and X, Y the coordinates of the same point referred 
to the new axes QX and QY. 


Draw PNM | to Oz and Qx, and let YQ cut Oz 
at R. A outs 1_ +b 

= h+xX. 
M=QR+PN=£+/Y. 
b 2 ‘ oo = 3 4%? 


eis 


k + Y in any equation the origin is changed to the 


Thus, if for w, y respectively we substitute h + x, | 
point (h, k). | 


To return to the original origin the substitutions 
would b X =a2—h Y=y-—k. | 


6-9 ‘bd b i> 
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56. To change the direction of the axes, without 
changing the origin, the axes being rectangular. 





Fig. 31. 


Let P (x, y) be any point referred to Ox, Oy; and 
X, Y the coordinates of the same point referred to 
axes OX, OY such that Z XOw = a. 


Draw PM 1 Ov, PN L OX, NR | Oz, NS | PM. 
Z NPS = 90° — Z NAP = 90° — Z MAO = a. 


x= OM 


I 


OR — NS = X cos a — Y Stn a. 


II 


y = PM = NR + PS = X sina+Yocos a. 


Thus, if for a, y we substitute respectively X cos a 
— Y sin a, X sin a + Y cos a, the axes are rotated in 
the positive direction through an Z a, 
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57. Exercises 
(2) 
1. Find the length of the 1 / 
(a) from (- 4, 7) to Su - 2yv= 4; ~ 


(6) from (- 4, —3) to 5+ 5 ae 


(c) from (3, —2) to y = 7x + 1; 
(d) from (—2, —7) to the st. line joining (5, 3) and 
3, 7); 


(e) from the origin to the st. line joining (7, 0) and 
(0, —5). 


2. Find the distance between the || lines 4a —3y = 9, 
4a —3y = 2. 


3. Find the distance between the || lines ax + by + ¢, 
= 0, ax + by + ¢, = 0. 

4. Find the point in the line 5 +? = —1 such that its 
1. distance from the st. line joining (2, 7), (5, 3) is 8. 

5. Find the equation of the st. line through the intersec- 
tion of 3x —2y = 12, 5u+ 4y = 9 and || to +4 = 
(See §§ 51 and 52). 

6. Find the equation of the st. line joining the origin to 
the intersection of — + : = 1 and ; +2 = | 

7. Find the distance from the point of intersection of 
7x — 5y = 13, 4a + 9y = 43 to the line 12” = 5y. 


8. Find the equation of the st. line passing through the 
intersection of y= me-+c, y= me-+c, and | to 


ae Pa 
A iam 


J 
v 
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9. Show that the st. lines r+ 2y = 5, 2” + 3y = 8, 
3a + y = 5, © + y = 3 and 2a —y = 0 are concurrent. 


10. Find the condition that the lines aw -+ hy+g = 0, 
he + by +f = 0, ge + fy + ¢ = 0 are concurrent. 


11. Find the equation of the st. line passing through the 
intersection of y = mx +c, y = max +c, and also through 


(a, 6). 


12. Find the equation of the st. line joining the origin 
to the point of intersection of Ax + By + C = 0 and 
Aj + By+C, = 0. 


13. Find the distance from the orthocentre of the A 
0 (0, 0), A(8, 0), B(3, 5) to the st. line AB. 


14. Plot the lines 22 —- 3y = 1, 3a + y =7 on squared 
paper and find the intercepts that the bisectors of the 2s 
between them make on the axis of y. 


15. Find the equations of the bisectors of the 4s between 
5a — 12y = 17 and 8x + 1dy = 31. 


16. Show that the bisectors of the supplementary 4s 
between y = mz +a and y = ma-+a, are | to each 
other. 


17. Find the equations of the bisectors of the 4s between 
the st. lines joming (4, 5) and (-—5, 2) respectively to 
(3, —7). 

18. Show that the st. lines a + 6y = 15, 22 - 5y +4 =0 
and 9x + y = 29 are concurrent. 


19. The sides of a A are 3x + 4y = 15, 12” - By = 17, 
24x + 7y = 30. Plot the lines on squared paper and find 
the point where the bisectors of the interior Zs of the A 
intersect. 
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20. Find the equation of the st. line passing through the 
intersection of the lines 2x —- 3y = 6 and 3x + 4y = 18, 
and also through the middle point of the st. line joining 
(-1, 2) and (3, 4). 

21. Find the distance from (5, 3) in the direction in 


which the slope is 2; to the line 7x — lly = 13. 


22. Find the distance from (-—4, 6) in the direction of 


which the slope is 1 to the line 7 +5 iy P 
Draw the diagram on squared paper. 


23, The sum of the distances from a point to the lines 
x + 2y=7, 5@ — 2y = 11 is 7. Show that the locus of the 
point is a st. line which makes equal Zs with the given st. 
lines. 


24. Find the distance between the || lines ” oat 
a rg b : 


25. Find the equation of the st. line passing through P 
(2, 5) and cutting Ox at A, Oy at B so that AP:PB =7:3. 


26. Find the equations of the st. lines passing through 
(4, 7) and making an Z of 45° with 32 -10 y = 8. 


27. Find the equations of the st lines passing through 
(-4, —7) and forming an equilateral A with 3x -—2y = 7. 


28. Find the equations of the st. lines drawn || to 
5x —12y = 9 and at a distance 5 from it. 


29, Find the equations of the two st. lines which pass 
through (4, 7) and are equally distant from A (7, 3), 
B (3, -1). Find also the distances from A and B to 
these lines. 
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30. Find the point in 4a —3y = 12 which is equally 
distant from (2, 7) and (4, — 1). 


31. Having given the length of the base and the difference 
of the squares of the other two sides of a A, prove that the 
locus of its vertex is a st. line L the base. 


32. Find the equations of the st. lines which are at a 
distance 2 from the origin and which pass through the 
intersection of a — Ty + 11 = 0 and 3x + 4y - 17 = 0. 

33. Find the equation of the st. line || to Av + By + 
C = 0 and at a distance p from the origin. 

34. Find the equation of the st. line passing through 
(h, &) and L to Ax + By +C = 0. 

35. The equations of the sides of a A are 5a + 3y — 
15 = 0, 2a -y+4=0, 3x - Ty - 21=0. (a) Show 
that the 1s from the vertices to the opposite sides are 
concurrent and find the coordinates of the orthocentre. (6) 
Show that the right bisectors of the sides are concurrent 
and find the coordinates of the circumcentre. (c) Show 
that the centroid is at a point of trisection of the st. line 
joining the orthocentre to the circumcentre. 


Exercises 


(0) 


1. What does the equation 2x? - Ilay + 12y? + Tx - 
13, +3 = 0 become when the origin is changed to the 
point (1, 1) the directions of the axes being unchanged? 


2. Transform the equation «? + ay - Ta - 4y+12= 0 
to || axes through (4, — 1). 


/ 
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3. Find the poimt that must be taken as origin, the 
directions of the axes being unchanged, in order that the 
terms of the first degree in 2 and y may vanish from the 
equation a? + y? + 5a - 9y + 17 = 0. Find also what the 
equation becomes. 


4. Show that the terms of the first degree in x and y 
will vanish from the expression ax? + 2hay + by? + 2ga + 
hf — bg hg - af 
ub — h® ab -— he). 


the directions of the axes being unchanged. 





2fy +c, if the origin be changed to ( 


5. Transform the equation Ax + By + C = 0 by rotating 
the axes through an 4 of 30°. . 


6. Find what the equation 2? — y? = a? becomes when 
the axes are turned through an 4 of 45°, the origin 
remaining the same. 


7. Show that the equation 2? + y? = a? is not changed 
when the axes are turned through any 4 a, the origin 
remaining the same. 


8. Find what the equation 33x? - 34 /3ry — y? = 0 
becomes when the axes are turned through an 2 of 60°, 
the origin remaining the same. 


9. Find tlhe smallest positive 2 through which the axes 
must be turned in order that the coefficient of xy in the 
equation 59x? 4+ 24 ay + 66y? = 250 may vanish; and also 
find what the equation becomes. 


10. Show that the term involving wy in the expression 
ax? + 2 hey + by? will vanish, if the axes are turned 
through the Z. 





ied — 
$ tan or 
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58.—Review Exercises 


1. Find the distances between the following pairs of 
points :— ie 
» (a) (-2, 7), 6,3); 
(6) (2a + b, a — 2b), (a — b, 3a 4+ b) ; 
(c) (a cos a, a sin a), (—b cos a, —b sin a). 
Verify the result in (5), on squared paper, when a = leg 
b.= — 2. 


2. A (-5, -1), B (4, 6) are two given points, P is 
taken in AB and Q in AB produced such that AP: PB = 
AQ:QB = 5:3. Find the coordinates of P and Q. 


3. Find the area of the.A of which the vertices are a 
(3a, 2b), (2a, 3b) and (a, 5). 


4. Find the area of the A contained by the lines 
2x + lly + 43 = 0, 9x + 8y — 14 = 0 and Ta — 3y 4 
26 = 0. 

5. Find the .L distance from (- 2, 3) to the line y 
2x y 
Fett er 

Should the result be considered positive or negative and 
why ? 

6. Find the condition that the three points (X45). Yy)s 
(Xq) Yo), (%s, Y3) may lie in a st. line. 

7. Find the locus of a point such that the square of its 
distance from (— 3, -—7) exceeds the square of its distance 
from (5, 0) by 43. 

8. Prove that the equation Ax + By + C = 0 represents A 
a st. line. 


9. Find the equation of the st. line which is equidistant 
from the || lines ax + by = c, aw + by = d. 
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10. Find the equation of a st. line which makes an Z a 
with Oy and cuts off an intercept b from Ox. 


11. Show that the st. lines Ax + By + C=0,Ae+ By \/“ 





+ C, a 0 are \|, if AB, — A,B. Jy Lie = A, ss yy) = Vn 
(> Sars ea 
12. Explain the meaning of the constants in the equations 
wat ike 
cos@ sind 


13. Show that the line y = x tan a passes through the 
point (a cos a, a sin a), and find the equation of the L to 
the line at that point. 

14. Find the 2 between the st. line joining (—4, 5), 
(5, 1) and the st. line joining (3, 7), (-6, —3). 

15. Find the values of » and 6 such that the line 
y = mx-+ 6 will pass through (3, —2) and (-1, —5). 

16. Find the equation of the st. line which passes 
through (2, —2), and makes an 4 of 150° with Oz. 


17. Find the length of the st. line drawn from (A, k), in 
the direction inclined at ZL a to Ow, and terminated in 
the line y = mx-+ 8. 

18. Find the equation of the st. line through (A, %), and 


x 
Ito += 1. 


19. Show that the st. lines Avx+ By +C=0, Aww+ // 


B,y + C, = 0 are 1 to each other, if AA, + BB, = 0. A ies 
Vy 6 
20. Write the equation of the st. line which is Lax -  _ be x 
by = c, and cuts off an intercept = d from Oy. > in 
Ar: 


21. Find which of the following points are on the origin «* ~: 
side of = -< = 1:— (5, 3), (-2, = 8), (3, — 2), (-6, — 14), 


—7, -17). Illustrate by a diagram on squared paper. 
7 i g q pap 
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22. Show that the points (2, 6), (1, 11), (-—4, 7), (-—8, 3) 
are in the four different angular spaces made by the lines 
as a wel gee 
3 +- 5 1 and Boy |e 

Tllustrate by a diagram on squared paper. 


23. Find the values of a for which the lines 2a — ay +1 
= 0, aw — 6y — 1 = 0, 18% — ay — 7 = O are concurrent; 
and find also the coordinates of the respective points of 
intersection. 


24. Show that the condition that the lines az + by = 1, 
ca+dy = 1, hx-+ky = 1 are concurrent is the same as 
the condition that the the points (a, 6), (c, d), (A, k) are 
collinear. 

25. Find the 4 contained by the lines 4a -7y+ a= 0, 
3a-+lly+6=0. 

26. Find the equation of the st. line passing through the 
intersection of 4x -Ty + a= 0 and 324+ lly+ 6=0 
and making an.Z of 45° with the axis of a. 


27. Find the equation of the st. line passing through the 


intersection of ~ +3 = 1, y = mz+c and also through 
(d, 0). 

28. Show that the equation of the st. line joining the 
intersection of a cosa + y sina = p,xcosB + ysinB=p 
aus 

2 


29. Find the length of the { from (a, 6) to = + = ], 


to the origin is y = x tan 


30. Find the equation of the st. line through (-— 5, 1) 
and || to 3x + 12y = 17. 


31. Find the equation of the st. line through (8, —2) 
and | to 7e=y+ 4. 
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$2. Find the coordinates of the four points each of which 


is equally distant from the three lines y BEE = 1, 


az Ki x y 
Sir ct dae -7 
33. Find the coordinates of the foot of the L from 
(3, 5) to the st. line joining (-—1, —2) and (8, 1). 
34. Show that the 4 between the lines y = mx +a, 
m— n 


35. Find the equations of the st. lines which pass through 


(3, 6), and are inclined at an 4 of 45° to _ a = 1. 
‘( 


36. Show that the st. line joining the point (1, 1) to the 


: x 
intersection of s + eel with — 2 = | passes through 


b b 


the origin. 


37. Show that the equation of the st. line passing through 
the intersection of x cosa+ysina=p,xcosi+y sin f=q, 
and || tox +y=kis 
(x + y) sin (a — f) + p (sin 8 — cos 8) + q (cosa — sina) = 0. 


38. Find the equation of the st. line passing through the 
intersection of 5a -—Ty = 16, 2a -—3y = 7 and L to ve 
6x —4y = 19, 
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39. Find the equations of the st. lines drawn through 
the vertices and || to the opposite sides of the A of which 
the equations of the sides are 3x + lly = 23, 4% -9y=11, 
Ta —2y = —31. 


40. Show that the lines 5a+ y = 4, 2a+ y = 2, 3-4 3y 
= 4 are concurrent; and find the coordinates of their 
common point. 


41. Find the equation of the st. line passing through 
the intersection of aw + by +c = 0, fe+ gy+h = 0, and 
(a) also through the origin; (6) L tow+y=h. 


42. Find the equations of the st. lines which bisect the 
Zs between the lines 12a —5y = 17, 8% 4+ l5y = 13. 


43, Find the equation of the st. line which passes through 
the point of intersection of the lines 5a + y = 4, 4a -9y 
= ]1, and is 1 to the former. 


44. Show that the points (4, 2), (6, 2), (5, 2 + ./3) are 
the vertices of an equilateral A. 


45. Find the locus of a point which moves so that the 
sum of its distances from the axes is 10. Trace the locus 
on squared paper. 


46. Find the locus of a point which moves so that the 
difference of its distances from the axes is 10. Trace the 
locus on squared paper. 


47. Find the equations of the st. lines each of which 
passes through (—5, —3) and is such that the part of 
it between the axes is divided at the given point in the 
ratio 7: 3. 


48, Find the equation of the st. line which passes through 
(3, —2), and is L to 4a+y+12=0. 


49. Find the equation of the right bisector of the st. 
line joining (a, 6) and (A, k). 
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50. Two st. lines are drawn through (0, —3) such that 
the .s on them from (—6, -—6) are each of length 3. 
Find the equation of the st. line joining the feet of the Ls. 


51. Find the 2 of inclination of the lines aw + by =c, 
(a + b)a% -—(a-—b)y =d. 
52. A st. line is drawn through (2, —4) and | to 7x 


—3y =11. Find the equations of the bisectors of the 28 
between the | and the given st. line, 


53. Three vertices of a || gm are (3, 4), (-3, 1), (5, — 2). 
Find the coordinates of the fourth vertex. 

54. Prove that the two st. lines which join the middle 
points of the opposite sides of any quadrilateral mutually 
bisect each other. 

55. What must be the value of m, if the line y = mx 
—5 passes through the intersection of 7a - lly = 14 and 
da + 2y = -11. 


56. Find the area of the A contained by the lines x + y 
= 12, 2a —-y = 12, x — 2y = -12. 


CHAPTER III 
THE CIRCLE - 


59. A circle is the locus of the points that lie at a 
fixed distance from a fixed point. 


The fixed point is the centre and the fixed distance 
is the radius of the circle. 


60. To find the equation of a circle having its 
centre at the origin. 





Fia. 32. 


Let P (x, y) be any point on the circle of which 
the centie is O. Let the radius = a. 


Draw PM 1 Ox. Join PO. 
OPM is a rt.-Zd A, 
. OM? + PM? = OP, 


oe = +} y’ = a, 
66 
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This being the relation which holds between the 
coordinates of any point on the circle and the given 
radius is the required equation. 

61. To find the equation of a circle, the centre 
being at any fixed point (h, 4) and the radius equal 

to a. 





Fie. 33. 


C (h, k) is the centre; and P (a, y) is any point on 
the circle. 
Draw PM, CN | Ov, CL L PM. Join CP, 
CL = NM = O23 — ON = @ — kh; 
PL = PM — LM = PM—CN=y —k, 
ROP it. Th. 0: 2h: 
Cl? + PL? =CP*, 
pe(kce (Fo me Bt, ae 


This is the required equation. 
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62. If we expand the equation found in § 61, we 
obtain :-— 
a+ y? — Ihe — Ay ++ =0, 


Comparing this result with the general. equation of 
the second degree :— 


ax + 2hay + by? + 2gu + fy +e = 0, 


we see that the conditions that the latter should 
represent a circle are that the coefhcients of a and y? 
should be equal and that the coefficient of xy should 
be zero. 


Thus the equation 
ax? + ay® + 2gx + 2fy+e=0 
may be changed to 
I\2 fy gf + f%- a0 
(oF ) ete ie a ; 


from which, by comparison with the formula of § 61, 
we see that it represents a circle having its centre at 


the point (= J - ty and its radius = Ye Te 
"4 a 


63. The general equation of the circle to rectangular 
axes is commonly written :— 


x? + y’? + Qgex + 2fy +c = 0. 


When the circle passes through the origin and its 
centre is on the axis of a, the equation of § 61 
becomes 


(«e—-av+y? =a? 
or, xX’ + y* = 2ax, 
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64. —Exercises 


1. Write the equation of the circle with centre (0, 0) 
and radius = 5. 

2. Write the equation of the circle with centre (6, 2) 
and radius = 3. 

3. Write the equation of the circle with centre (-—5, — 1) and 
radius = 26. Show that this circle passes through the origin. 

4. Write the equation of the circle with centre (-a, —6) 
and radius = c. Find the condition that this circle passes 
through the origin. 

5. Find the coordinates of the centre and the radii of 
the following circles :— 

(a), x? + y? — 6a — 2y = 15; (b), 40? +4 4y? + Tx + By 
= 16; (c), 22 + y? = 14x; (d), a? + y2+ 2 by = 

6. Draw, on squared paper, the circles of which the 
equations are :— 

(a), x? + y27 = 9; (6), w+ y? = 8x; (c), w?-+ y? + by = 7. 

7. Find the centre and radius of the circle which passes 
through the origin and cuts off intercepts = a and b from 
Ox and Oy respectively. 

Solution.—Since the circle passes through the origin its equation 
must be satisfied by x = 0, y = 0, and .. the absolute term must be 
zero. Thus the equation may be written 

x+y? +2 gu t+ 2fy = 0. 

Substituting in this equation the coordinates of the points (a, 0), 

(0, 6) the two equations 


a*+2 ga=0 
b+ 2 fb =0 
are obtained from which g = - . ,f=- = 


*, the equation of the circle is 
a? + y? —- ax — by = 0, 


AE Gamlet eT. 


— aa can 
2 





.. the centre is (> ) and the radius = 


ys 
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8. Find the equation of the circle which passes through 
the origin and also through (4, 3) and (—2, 6). 


9. Find the equation of the‘circle which has its centre 
on the axis of # and which passes through the points 


(5, 3) and (-3, 1). 


10. Show from the general equation of §63 that three 
conditions are necessary and suffivient to determine a circle. 


11. Find the condition that the circle a? + y? + 2ga + 
2fy+c¢=0 may have its centre («) on the axis of x; 
(6) on the axis of y. 


12, Find the equation of the circle which passes through 
(3, 1) and (5, —3) and has its centre on the line «—- y =4. 


13. Find the equation of the circle having the st. line 
joining (7, —5) and (-3, —1) as a diameter. 

14, A (a, 0) is a fixed point and P (a, y) is a variable 
point such that PO:PA = p:q. Show that the locus of P 
is a circle having its centre on Ox, and dividing OA inter- 
nally and externally in the ratio p:g. 


15. Find the equation of the circumcircle of the A whose 
vertices are (3, 4), (-—2, 3), (—5, —7). ? 

16. Find the length of the chord of the circle «? + y? = 
25 cut off by the line 3a +4 y = 15. 

17. Find the length of the chord of the circle x? + y? — 
6x + 14y = 42 cut off by the line a - y = 8. 

18. Show that the locus of the centres of all circles which 
pass through two given points (p, q), (7, 8) is the right bi- 
sector of the st. line joing the given points. 

19. Through the given point P (A, %) a st. line is drawn 
cutting the circle a? + y? + 2gxa + 2fy +c = 0 at A and B. 
Prove that PA.PB is constant for all directions of the st, 
Vine. 
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e-h y-k 
cosd sin 





Solution :—Take 
Then 


=r as the equation of the st. line. 


e«=h+rcosh,y=k +r sin 6, 
Substituting these values in the equation of the circle, and simplifying 
r2 4+ 2{(h + g)cos8 + (k + f) sin 6} r 
+h? +k? + Q29gh + Wkic =0. 
The value of PA. PB = the product of the two values of r in 


this equation 
=)? + k? + Qgh + 2fk + ¢, 


an expression which does not contain @ and which is .. independent 
of the direction of the line. 

20. Find the eqiation of that chord of the circle a? + 
y? + 2yx + 2fy + ¢ = 0 which is bisected at the point (A, &). 


Let the equation of the chord be 
y —-k=~m (a — h). 
The centre of the circle is (-g, —/), and the equation of the | 
from the centre to the chord i: 
m(iyt+f)+a+g=0. 
The 1 from the centre bisects the chord, and, .*. passes through 
(A, &). 
~ m(k+f)+h+g =0. 
h+ 
m= - hte 
*, the required equation is 


(ht g)@-h)t(k+N(y-h=0, 





xoN ta os jTwurlvs “e 
id tee spe Naw 81°) 


_ hat 
gyrs! 
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21. Find the equation of the chord of the circle a? + y?— 
6x — 8y = 24 which passes throes (5, —1) and is bisected 
at that point. 


22. From the point P (—3, —7) a st. line is drawn to 
cut the circle a? + y? — 4% — 10y = 17 at A and B. 
Find the area of the rectangle PA. PB. 


23. Find the equation of the common chord of the 
circles 


l] 


x? + y? — 8x — by = 39, 


56. 


a + y? + 6x + By 


24. Find the condition that the common chord of the 
circles 


I 


a + y? + 2gx + Wy +e 0, 
e+ y? + 2g'e@ + fy +e = 0 
passes through the origin. 


25. Find the equation of the circle which passes through 
the origin and also through (A, k) and (A, h). 
_v\ 
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TANGENTS 


65. Let APQ be a secant cutting a curve at P and Q, 





Fia. 84. 


If the secant rotate about the point P until the 
second point Q approaches indefinitely near to P. the 
limiting position PR of the chord is called a tangent 
to the curve at the point P. 


The point P is called the point of contact of the 
tangent PR. 
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66. To find the equation of the tangent to the 
circle x” + y’ = a’ at the point P (x,, y,) on the circle. 





Fig. 35. 


Let Q (a2, yz) be another point on the circle. 
Then the equation of PQ is 
Se a eee ae “ ay 
te a ne 
** P and Q are both on the circle, 
@,? + yy = a, 
and, #2 + y,? = a2. 
-., subtracting, #,° — a,’ + y2— y,? = 0. 
wy (— Ly) (@ + ®) + (YY, — Y2) (H+ Yo) = 0 (2) - 
Multiplying the terms of (2) by the equal fractions 
in (1) 
Cz 2) (@ + %2) + (Y — %) (1 + Y) = O.- (3) 
If, now, PQ rotates about P until Q coincides’ with 
P, = a and ¥, = ¥,. 
Thus equation (3) becomes 
2(@—m%)ay+2(y—y)y,=09, 
or, TE + YY, = Oy + 
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But 2? -}. yr =a". rg 
“ XXi+ yyi = a’. 


This is the required equation. 


Alternative Method 
The radius drawn from the point of contact of a tan- 
gent to the circle is perpendicular to the tangent. 


The equation of the radius joining the origin to the 
point (21, yi) on the circumference is 


cy 


Mm Yi 
Any line perpendicular to (1) 
is 721 + yyi + K =0 
If it passes through (a, y:) 
Then zz? + y? +K =0 
or @&@+K=0 


. K=-@ 


or yx — my = 0 (1) 


.. The equation of the tangent becomes ra + yy: =a? 


67. In any curve, the st. line drawn through the 
point of contact of a tangent and | to the tangent 
is called a normal to the curve at that point. 


68. To find the equation of the normal to the circle 
x? + y? = a at the point x;, y:. 
The equation of the tangent at (x, yi) 
is tay t+ yy = @? (7) 
Any line perpendicular to (1) 
is yt — my +K =0 
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If it passes through (a, y1) 
Then wy — %Yyi+K =0 
or K = 0 
+, the equation of the normal becomes 
ye — ny =0 
or= =4 


69. To find the equation of the tangent to the ¥. 
circle x?+y? =a? in terms of m, the slope of the 
tangent. 


Fia. 36. 

To find the abscissae of the points where the line 
y =mx+k cuts the circle, eliminate y by substitution, 
and 

a? + (mz + k)* = a, ' 
ie, (1 +m) 2+2mke+h—-@2=0. 

If the line is a tangent, the values of « from this 
equation are equal to each other, and 


yx +f Ay 4 buy * 
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i °. mk? 


= (1 +m’) (i? — a), 
k? = a? (1 + m?), 
and k= +aJ/1 +m’. 


Thus the equation of the tangent is 
y=mxtav/l1-+ m.’. 
The double sign corresponds to the two tangents that 
have the same slope, as indicated in the diagram. 


Alternative Method 
Let equation of the tangent be y = mx +k 


The perpendicular distance from the centre (0, 0) on 


\ 


\ 


y = mz +k is ————— ee: eV» 
ee Lin ae od 


But the distance from the centre to the tangent 
y = mx +k isa, the radius of the circle. 
: k 
“+ /14+ m 
ork=+aV1+m 


Substituting in y = mz +k the equation of the tan- 


a 


gent becomes y = ma taV/1+m’. 


70.—Exercises 


1. Find the equation of the tangent to the circle 
x? + y? = 34, at the point (3, 5); 


2. Find the equations of the st. lines touching the circle 


a? 4+ y? = 35 and making an z of 45° with the axis of x. 


© 
\ 
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3. Find the equations of the st. lines which touch 2? + 
y’ =7° and are (a) || to, (6) 1 to the line Ax + By + 
c=0 


4. Prove that « + 2y = 10 is a tangent to the circle 
x? + y? = 20; and find the point of contact. 


5. Find the condition that 7 4+ i = 1 may touch 
a 
al el a 


6. Find the condition that the axis of « may touch 
— a? + y? + 29a + Wy +e = 0. 


7. Find the equations of the circles passing through 
(5, 2) and touching the axes of x and y. 


8. Find the length of the part of the line 2a -— By + 
10 = 0 intercepted by the circle 2? + y? + 8x — 6y = 24. 


9. Show that the tangent to the circle (a — a)? + 
(y — 6)? =r? at the point (,,y,) on this circle is (a — a) 
(x, — a) + (y - 6) (y, — 6) = 1%, 

Solution.—Transform the origin to the point (a, b) without changing 
the direction of the axes. The transforming relations are x= X + a, 
y=Y+tbm1=Xi+ay=Yi+b. 

The equation of the circle becomes 

X24+Y2=72, 
and, by § 66 the tangent at (X, Y:) is 
XXi+ YY: = 1. 


Transforming back tothe original origin, the equation of the tangent 


becomes 
(z —a) (4 —a) + (y—}) (w—b) =r. Vitra 


—_— 


_{V : 


Ht x ‘ 
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10. Show that the circles 


. x? + y? + 62+ l6y + 24 = 0 
“ae x? + y? — 10x + 4y + 20 =0 ; 
t P ase, OW dee ic 


| 


\soudh each other externally. =< 


11. Find the equation of iis pata ‘chord; and the 

coordinates of the points of intersection of the circles 
x? +y* — 2x — by = 14, 

a+ y? — da + dy = 5. \\ 

12. Find the equation ofthe circle whose centre is at 


the origin and which touches the line Ax + By + C = 0. 


13. Find the equation of the circle whose centre is at 
(7, 2) and which touches 3a-5y = 4. 


14. Find the equations of the two tangents to the circle 


x? + y? = 25 which make an ~z of 30° with the axis of 2. 


15. Find the equation of the tangent to the circle 


of 4 (a) a? + y? — 10x + 12y = 39 at (-1, 2); Sj 


(b) a2 + y® + 18x -— 14y = 39 at (3, 12); fn ey * 


(c) x? + y? + 29x + 2fy = O at the origin. 
16. Prove that « — 2y = 4 is a tangent to the circle 
x2 + y®? — 8a — 1l0y + 21 = 0. 


‘ 1%. Find the condition that Az + By + C = 0 may touch 
ae eg = 72, 
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POLES AND POLARS 


71. To find the equation of the chord of contact 
of tangents drawn from an outside point to the 
circle x? + y? = a’. 





Fie. 87. 


Let P (2,, y,) be the given point; PA and PB the 
tangents. 


It is required to find the equation of AB. 


Take (a’, y’), («, y") to represent the coordinates 
of A, B respectively. 
The equation of AP is, by § 66, 
ve + yy =a’; 
and since the coordinates of P must satisfy this 


equation, 
xe + yy = wv. (1) 


Similarly, ae" + yy" =a’ (2) 
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From -these results it is seen that 
aa, + yy, = 
is the equation of AB; for:— 
since it is of the first degree it represents a st. line; 
by (1), A is a point on the line; 
by (2), B is a point on the line; 
«. the required equation is 
xX, + yy, = 2. 
72 The equation of the chord of contact of tangents 
drawn from an outside point to a circle is of the same 


form as the equation of the tangent at a point on the 
circle. 


This is in agreement with the fact that, if the point 
P approach the circle and ultimately fall on it, the 
chord of contact becomes the tangent at P, or the 
tangent at P is the final position of the chord of 
contact when P approaches the circle. 


73. Definition.—The polar of any point P with re- 
spect to a circle is the locus of the intersection of 
tangents drawn at the ends of any chord which passes 
through P. The point P is called the pole of the locus. 
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74. To find the equation of the polar of P (x, y,) 
with respect to the circle x? + y? = a, 


Pp 





Fig. 38, Fig. 39. 


Through P draw any st. line cutting the circle at 
A, B. Draw tangents AQ, BQ intersecting at Q (X, Y). 


It is required to find the locus of Q 


By § 71, the equation of AB is 
ax+tyY=a’'; 
and as the coordinates of P must satisfy this equation 
Xx, + Yy, = wv. 
“., as X, Y are the coordinates of any point on the 
polar of P, the required equation is 
xx, + yy, = a” 
75. The equation of OP is xy, — yx, =0, and, by 
the condition for perpendicularity, this line is L to 
that represented by va, + yy, = a. 


.. the polar of P is a st. line which cuts OP at 
rt. 2s 
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76. If the polar wr, + yy, =u cuts OP at M, the 


2 2 
fone ire ok OM whe i so 
Val + y? 
*, OM. OP = a’. 


77. The equation of the polar of the point P («, y,) 
without the circle a? + y? = @ is the same as that of 
the chord of contact of tangents drawn from P to the 
circle. This shows that, when the point is without 
the circle, its polar is the chord of contact produced, 
or, that tangents drawn from P touch the circle at 
the points where it is cut by the polar of P. 


78. The equation of the polar of any point P (a, y;) 
is of the same form as the equation of the tangent 
at a point on the circle. 


This is in agreement with the fact that, if the 
point P approaches and ultimately coincides with the 
circle. OP becomes equal to a, and .., by § 76, OM 
becomes equal to a, and the polar becomes the tangent 
at the point P 
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79. If the polar of P passes through Q, the polar 
of Q passes through P. 


Let (%,, Y;), (@ Yo) be the coordinates of P, Q 
respectively. 
The polar of P with respect to a? + y? = a? is 
CL, + YY, = a. 
Since this line passes through Q, 
VM, + Yo = ev. 
This proves that (x,, y,) is on the line 
ly + YY, = OW; 
and .. P is on the polar of Q. 
Cor. If the point Q moves along the polar of P, 


the polar of Q changes its position, but always passes 
through P. 

.., if the pole moves along a st. line, its polar 
turns about the pole of that line. 


80. To find the pole of the st. line Ax + By + C=9 
with respect to the circle x? + y? =a’. 
Let (x,, y,) be the coordinates of the pole 
The equation of the polar of (@,, y,) is 
re, + yy, -V = 0. 
This equation must be the same as 
Ac+ By+cCc=0. 
AG er 
B Cc 


° Rep 2 
ee A = 


2 aA . See 
0 CASS ene 


. EXERCISES 85 


81. —Exercises 


1. Find the polar of the point 
(a) (3, 5) with respect toa? + y? = 30; 


(d) (a, 0) " " i 2 of = 7s 
ee ee ee Ps bo ~ by - 5; 
(d) (-5, -—1) u " n a2 + y2 — 10a + by = 15; 
(e) (0, 0) " n on(e@—hj? + ly — kP = 2% 


2. Find the pole of the st. line 
(a) 2x - Ty = 17 . with respect to 2? + y? = 17; 


(b) xe-2y+12=0 n "t " x? + y? = 23; 

(c) 4c — y = 1 with respect to a? + y? - 2a—4dy = 4; 

(d) do + by =5) ww " " a + y? — 8x — 10y 
= - 5. 


3. (a) Show that x? + y? = 25 is the equation of a circle. 
(b) Show that (-3, 4) is on the circle. 
(c) Write the equation of the tangent to the circle at 
this point. 
(d) Show that the point (9, 13) is on this tangent. 
(e) Write the equation of the polar of (9, 13). 


(f) Find the equation of the st. line through (9, 13) 
L to the polar, commenting on the form of the result. 


(g) Find the equation of the other tangent from (9, 13). 


Draw the diagram on squared paper. 


; oe 
4, Find the pole of it . = 1 with respect to 2? + y2=c’%, 
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TANGENTS FROM AN OUTSIDE POINT 


82. To find the length of the tangent PA from the 
point P (x,, y,) to a given circle. 





Fia. 40. 
(1) Let the equation of the circle be 
a+ y? = a. 


Join OA, OP. 
AOP is a rt.-Zd A, 
AP? — OP? — AO? 
= 22+ y,? — a’, 
o AP=Vx;?+y,?—a% 
(2) Let the equation of the circle be 
x+y? + 2u + Wy +e =0. 
This equation may be written 
@+gPt+ytfragrtf—e, 
from which it is seen that the centre is (—g, —f) 
and the radius = ¥g? + f? — «. 
With the diagram and construction of Fig, 40, 
AP? = OP? — AO? 
=( + 9P + (m+ fP-G +P —¢ 
= a+ y+ 2 ga, + 2fy, +. 
» AP =VxX,+y, + 2gx, + 2fy, +o 
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83. —Exercises 


1. Find the length of the tangent from 
(a), (7, 3) to a? + y? = 22; 
(6), (8, -5) to a + y? - 3a + Ty + 35 = 0; 
(c) (-2, -—6) to a? + y? = 12a; 
(d), (0, 0) to a? + y? + 29ga + Wy +e= 0; 
(ec), (4, 2) to a? + y? - 6u + 24y - 39 = 0. 

Explain the imaginary result in (¢). 

2. The length of the tangent drawn from a point to 
x + y? — 10a — 4y + 9 = O is always 4. Find the locus 
of the point. Plot the diagram on squared paper. 

3. The length of the tangent from P to a? + y? = 9 is 
twice the distance from P to (6, 0). Find the locus of P. 

4. Find the equations of the tangents from (7, —1) to 
rot yt = DO. 

Miscellaneous Exercises 


1. Find the equation of the st. line passing through the 
intersection of « — 2y = 5, x + 3y = 10 and || to 3x + 
Ayie 11. 

2. Find the equation of the st. line passing through the 
intersection of 8a + y = 7, llw + 2y = 28 and L to the 
latter line. 

3. Plot the quadrilateral (4, 2), (-5, 6), (-9, -6), 
(7, —4); and find its area. 

4. Plot the lines 2x + 5y = 29, 12a + y = 29, 5a — Qy 
= 29; and find the area contained by them. 

5. Find the equation of the st. line passing through 


(h, k) and such that the portion of it between the axes is 
bisected at the given point. 
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6. Find the equation of the st. line passing through 
(h, k) and (a) || to, (6) L to the st. line joining (x, %), 
(%2) Y2). 

7. Show that, if the lines aw + by +e¢=0, bu+cyt+a 
= 0, ce + ay +b =0 are concurrent but not coincident, 
then a+ b+c= 0. 

8. Find the ratio in which the st. line joining (—5, 3), 
(6, —1) is divided by # - lly + 3 = 0. 

9, Find the centre of the inscribed circle of the A formed 
by the lines 4a -— 3y = 18, 5a + 12y = 9, 24a + Ty = 30. 

10. Find the area of the A contained by y = 3a, y = 5x 
and « + 2y = 77. 

11 Show that the area of the A contained by y = m2, 
y =m, and Ax + By + C = 0 

(m, — m,) C? 
~ 2 (A + m,B) (A + m,B) 

12, Find the locus of a point such that the square of 
its distance from (*, 0) is three times the square of its 
distance from (2, 0). 





13. One vertex of a |igm is at the origin and the two 
adjacent vertices are at (a, 6), (c, d). Find the fourth 
vertex. 

14. Show that, if the two circles 

a2 + y2 + Iga + Ay +e¢=0, 
a? + y? — We - Ay +e=O9 
touch each other, then (g — /)? = 2c. 

15, Find the locus of the intersection of the st. lines 
which pass through (6, 0) and (0, 3) respectively and cut 
each other at rt. 4s. é 
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16. Find the equations of the tangents to the- circle 
x? + y? = 2kx which are || to 3u— y = 0. 

17. Find the orthocentre of the A whose sides are 8xz.—- 
Sy = 16, 2a — 3y = 10 and w + 2y = 6. 


18, Chords of the circle «? + y? = a? pass through the 
fixed point (A, 0). Find the locus of their middle points. 


1%. Find the equation of the circle which passes through 
the origin and makes intercepts a and 6 on Oz, Oy 
respectively, 


20. Find the equation of the circle described on the st. 
line joining the origin to (g, /) as diameter. 


21. Find the coordinates of a point such that the st. line 
joining it to (4, —3) is bisected at rt. 4s by 2a — 3y = 7. 


22. Find the locus of the points from which tangents 


drawn to #? + y? = 13 and a? + y? — 2a + by + 1 = O are 
as 5 is to 3. 


23, Find the distances from the point (2, 4) in the 


4 
» — = to the 


direction having the direction cosines — 5 


curve whose equation is 


32? — bry + 5y? — 32 = 0. 


on| we 


24, (a) Find the coordinates of the point C which 
divides the st. line joining A (3, —2), B (19, 10) in the 
ratio AC:CB = 1: 3. 

(6) Prove that D (11, 4) lies on the st. line AB given 


above; and by computing the lengths of AD and BD, find 
the ratio in which D divides AB. 
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25. Show that y = mx + a j/l + m? is always a 
tangent to the circle 2? + y? = a’. 

26. Find the distance of the point of intersection of the 
lines 3a + 2y + 4 = 0 and 2% + 5y + 8 = O from the 
line 52 — 12y + 6 = 0. 

27. Find the equation of the circle whose centre is (A, /) 
and which passes through (a, d). 

28. Find the equation of the st. line joining (ab*, 2ab) 
and (ac?, 2ac). 


cos a sin a 











29. Show that the equation of the | to ai + aes, 
: F . b 
= 1 at the point (a cosa, b sina) is ee ee 


= a? — 9? 


CHAPTER IV 
THe PARABOLA 


84. A Conic Section or Conic is the locus of a point 
which moves so that its distance from a fixed point 
called the focus is in a constant ratio to its distance 
from a fixed straight line called the directrix. The con- 
stant ratio is called the eccentricity and is usually 
denoted by e. 


If the eccentricity, e, is equal to unity the conicis a 
parabola. 


If the eccentricity, e, is less than unity the conic is an 
~ ellipse. 


If the eccentricity, e, is greater than unity the conic is 
an hyperbola. 


The point midway between the focus and directrix is 
called the vertex. 


Historically the parabola, ellipse and hyperbola were 
discovered as plane sections of a right circular cone. 
If a right circular cone be cut by any plane the curve of 
section will in all cases be a conic as defined above. 


The parabola (e = 1) is the simplest of these curves; 
the line with respect to which this curve is symmetrical 
is called its axis. 


85. To find the equation of the Parabola having 
its vertex at the origin and its axis coinciding with 
the x-axis. 

91 





mee 
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As e = 1in the parabola the distance of any point on 
the curve from the focus is equal to its distance from 
the directrix. 





Let P (x, y) be any point on the curve; F the focus; 
ZM the directrix. 


Draw ZF perpendicular to ZM and let ZF = 2a. 
Bisect ZF at A. Then ZA = AF = a. 
Take A as origin, Az as axis of x, and Ay as axis of y. 
Draw PN, PM perpendicular to Az, MZ respectively. 
By definition FP =MP = ZN. 
. FP? = ZN’, 
. FN? + NP? = (ZA + AN)?. 

or (x — a)? + 7? = (a+ 2)?. 
Whence 7? = 4az, which is the required equation. 
The point A is called the Vertex; 
The co-ordinates of the focus are a, o. 


The equation of the directrix is 7 = —aorz+a =o. 
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Similarly the equation of the parabola whose vertex 
is at the origin and whose axis coincides with the y-axis 
is 7? = 4ay. 


86. In deducing the equation of the parabola y? = 
4az, the focus and directrix were placed in convenient 
positions in order to get the equation in the most suit- 
able form from which to study the properties of the 
parabola. In the following examples the focus is taken 
as any point and the directrix as any straight line. 


(1) To find the equation of a parabola whose focus 
is (1, 2) and directrix is 3x + 4y +5 =0. 


Let (x, y) be any point on the curve. 

Then by the definition of a parabola the distance of 
(x, y) from the focus equals its distance from the 
directrix; the equation of the parabola is therefore 


Ty ee 


+5 


or 16x? — 24ry + 9y? — 802 — 140y + 100 = 0. 


(2) Taking any point (h, k) as the focus and any 
straight line Av + By +C = O as the directrix. 


The equation of the parabola is 


= _ py? = (Att By + ©)? 
(x h)? $e (y k)? ca A2 + B? 


87. The equation y? = 4az, of the parabola is the 
one generally used. In deducing this equation we sup- 
posed that the positions of the focus and directrix were 
given. The distance, (ZF = 2a), from the focus to the 
directrix is the quantity that distinguishes this parabola 
from other parabolas. 
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In the parabola y? = 4az, a is a known quantity just 
as in the circle 22+ 4? = 7? the radius r is a known 
quantity. 

Such quantities as r and a are called parameters. 

WW 88. To find the equation of the parabola whose 
gitet . : . 
: vertex is at (h, k) and whose axis is parallel to the 

X axis. 





Let P (21, y1) be any point on the curve, 2, y: being 
the co-ordinates with respect to the new axis. 


Then (by § 54) 
r=nuith 
y=ytk 
or m1 =2—h 
and my =y—k. 
Substituting in y;? = 4az 
(y — k)? = 4a (a — A). 
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Similarly the equation of the parabola whose vertex 
is at the point (h, k) and whose axis is parallel to the 
y-axis is 

(¢ —h)? = 4a (y — k). 
From the above equations it is evident that :— 


(1) the equation of any parabola whose axis is parallel 
to the x-axis is of the form, 


By? + Dv + Ey+c=0. 


(¥) the equation of any parabola whose axis is 
parallel to the y-axis is of the form, 


Av? + Da +Ey+c=0. 
Wl 


89. If the equation of a parabola is given, it is 
possible to find its vertex, the equation of its axis, the 
co-ordinates of its focus and the equation of its directrix. 


Example: 
Let y? we y — 3x +1 =0 be the equation of a parabola. 
Ify+y—3c+1=0. 
then yw +y+}4=3¢—1+1}. 
or (y+ 34)? =3(2—4) 


Expressing this equation in the form 
(y — k)? = 4a (x — h) 


it becomes [y — (— 3)? = 4.3 (a — 4). 
Hence (1) the co-ordinates of the vertex are 4, — 4, 


(2) the equation of the axis of the parabola is 
y= —tory+4=0or2y+1 =0. 


( 


(V V 7 
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From the figure in § 88 it is evident that the co- 
ordinates of the focus F! are (h +a, k). 


(3) The co-ordinates of the focus of this parabola are 
(4 + 2, —3) or (1, — 4). 

(4) To find the equation of the directrix, 

Changing the equation [y — ( — 4)? = 4.3 (a —3) so 
that the vertex is at the origin it becomes y? = 4.32. 

Evidently the equation of the directrix with vertex at 
the origin is = —3. 

Changing this line to the original axes the equation 
of directrix becomes = —?+34=-—4 


or 22+1=0. 


The above method for finding the equation of the 
directrix is usually shortened thus, 


z—-}=-2 
tomes | (§ 88) 
| or 2x +1=0. 


90. To find the distance of any point on the para- 


/ pola, y” = 4ax, from the focus. 


Using the figure of § 85. 

The distance of P from the focus = PF 
= MP 
= ZN 


=a+z2. 
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91. The double ordinate through the focus of a conic 
is called the latus rectum. 


To find the length of the latus rectum of the 
parabola. 





LFL! is the latus rectum of the parabola. 


The co-ordinates of L are (a, FL) pam ooh 
Substituting in . y = 4ax 

FL? = 4a. a = 4a? 

FL = 2a 


-. latus rectum LFL! = 4a. 


92.—Exercises 


1. Plot the locus of the following equations: 


(a) y? = 42. 
(b) y2+42 =0. 
(c) 2? = 8y. 
(d) 22+ 8y = 0. 


(e) wy +4r+4y—2=0. 
(f) 2 +6r4+y—2=0. 
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2. Find the position of the focus and length of the latus rectum 
in the following parabolas: 
(a) y? + 4ax = 0. 
(b) x? = — 4ay. 
(c) y? = wee. 
3. Find the equation of the parabola taking the directrix as the 
axis of y and the axis of the curve as the axis of z. 


4, Find the equation of the parabola taking the axis of the curve 
as the axis of y and the tangent at the vertex as the axis of 2. 


5. Find the equation of the parabola referred to its axis and latus 
zectum as axes of co-ordinates. 


6. If the distance of a point on the parabola y? = 4az from its 
focus, be 6a, find its co-ordinates. 


7. Find the points where the line y = 3x — a cuts the parabola 
y? = 4az. 


8. Find where the line 122 — 7y +12 =0 cuts the parabola 
y? = 122. 


9. Determine aso that the parabola y?-= 4az shall pass through 
the point (— 2 4). 


10. The three vertices of an equilateral triangle are on the 
parabola, y? = 4az, one of them being the vertex of the parabola. 
Find the length of its side. 


11. Find the length of the chord which the parabola, y? = 82, 
intercepts on the line 27 + y = 8. 


12. A circle passes through the origin and the extremities of the 
latus rectum of the parabola, y? = 4az. Find the equation of the 
circle. 


13. Find the equations of the following parabolas: 
(a) focus (2, 3) directrix x + y = 2. 
(b) focus (3, 5) directrix 24¢ + 7y +18 = 0. 
(c) focus (8, — 3) directrix 52 + 12y = 138. 
(d) focus (e, d) directrix kx + ly +m =0. 
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14. Find the focus and directrix of each of the parabolas: 


ot yp = Gedy BY 
5 12 (bh 
(x — 2)? + (y — 3)? - Get eet 


93. Mechanical method for constructing a parabola. 





If the focus and directrix of a parabola are given, its 
locus may be readily constructed by means of a ruler 
and compass. 


Let MZ be the directrix and F the focus. 
Through F draw Zz perpendicular to MZ. 
Bisect ZF at A. Then A is the vertex of the parabola. 


Through any point D on Zz to the right of A draw TS 
parallel to MZ. 


With centre F and radius ZD describe arcs meeting TS 
in P and Q. 


Then P and Q are points on the parabola. For 
FP = ZD = EP. 


Hence the points P and Q are equidistant from the 
focus and directrix. 
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Letting D take any position on Az, pairs of points Py, 
Qi; Pe, Q2; etc. equidistant from focus and directrix can 
be found. 


The curve through these points is the parabola. 


94. To trace the form of the parabola 4? = 4ax from 
its equation. 





(1) If x =0 then y=0; hence the curve passes 
through the origin. 


(2) Since y’ is always positive and a being supposed 
positive it follows that x is always positive. Hence the 
curve does not exist to the left of the origin. 


(3) As y? = 4az then y = + 2V az. 


For a given value of x the values of y are equal in 
magnitude, one being positive, the other negative. 
Hence the curve is symmetrical with respect to the line 
Ax. This line Az is called its axis. Also all chords 
perpendicular to the axis of a parabola are bisected 
by it. 
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(4) As x increases, y increases; when x becomes inde- 
finitely great, y is indefinitely great. Hence the curve 
consists of infinite branches above and below its axis. 


(6) If the parabola y? = 4ax be cut by the line 
y= mx-+b the abscissae of the common points are 
given by the equation m? 2? + 2 (bm — 2a)z2+0? = 0. 
Since this is a quadratic equation, x has two values. 
Therefore a straight line can cut a parabola in only two 
points. These points may be real, coincident or 
imaginary. 

From the theory of quadratics the product of the roots 

2 
of the equation m? 2? + 2 (bm — 2a) «+8? = Ois La 


Hence if m is zero one root is infinitely great. 


But if m = 0 the line, y = mz +- b, is parallel to the 
z-axis. Hence every straight line parallel to the axis of 
a parabola meets the curve in one point at a finite 
distance and in another at an infinite distance from the 


vertex. 


(6) If P (a, y) be any point on curve, § 94, 


Ultimately when P moves along the curve indefinitely 
close to A the value of y = 0. 


Then tan PAN = “ == 00, 


Therefore angle PAN in the limit = 90°. 


Hence the curve cuts the axis of x at right angles. 
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95.—Exercises 


1. Find the co-ordinates of the vertex, the co-ordinates of the 
focus, the equation of the axis and the equation of the directrix in 
each of the following parabolas: 

(a) y? = 8a. 

(b) (y — 1)? =4(@ — 2). 

(c) (y—3)? = 8¢ +11. 

(d) 2? +4y+8=0. 

(e) 2? + 2ax + 4by + a? + 4bc = 0. 
(f) y+4y —62#+7=0. 

(g) 2 +6c2+y—2=0. 

(h) 4y2 + 4y + 382 —2 = 0. 

(i) 22? —6x+y =0. 


2. The vertex of a parabola is at the point (2, 3) and the parabola 
passes through the origin. Find its equation, its axis being parallel 
to the z-axis. 


3. The vertex of a parabola is at the point (— 14,2) and the 
parabola passes through the point (—1, —1). Find its equation, 
its axis being parallel to the y-axis. 


4. The vertex of a parabola is (3, 2) and its focus is (5, 2). Find 
its equation. 


5. Find the equation of the parabola when the focus is at the 
origin and the axis coincides with the z-axis. 


6. Find the equation of the parabola when the axis and directrix 
coincide respectively with the x-axis and y-axis. 


7. Find the equation of the parabola whose focus 1s (— 1, 3) and 
directrix the line x — 1 = 0. 


8. Find the equation of the parabola, the vertex being (— 2, — 5) 
and the directrix the line z — 3 = 0. 


9. Find the equation of the parabola whose vertex is (1, — 2), 
its axis being parallel to the z-axis, and the distance from the vertex 
to the focus equals 2. 


10. Find the equation of the parabola passing through (2, 1) 
whose vertex is (0, 2), and whose directrix is parallel to the z-axis. 


? 
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11. Find the equation and length of the latus rectum of the 
parabola whose focus is (— a, 0) and directrix is + y+2a=0. 

12. Find the equation of the circle through the vertex, the focus 
and the upper end of the latus rectum of the parabola y? = 8z. 

13. Plot the points (0, 0), (1, 0.5), (2, 2), (8, 4.5) (4, 8), (5, 12.5), 
taking the half inch as the unit. 


Prove that a parabola with the y-axis for axis of the curve can be 
drawn through these points. Find its equation and draw it. 


14. Prove that the product of the segments of any focal chord of 
the parabola y? = 4az equals ‘‘a’’ times the length of the chord. 


96. The squares of any two chords of a parabola 
which are perpendicular to the axis of the parabola 
are to each other as their distances from the vertex. 


P3 





Let P; (21, y:) and Pe (a, y2) be any two points on the 
parabola y? = 4az, and PQ; and P,Q be any two 
chords perpendicular to the axis of the parabola. 


Then yr = 4ax. 
yo? = 4axe. 

Sm, 

x yo Xe 

Hence {2 _ 





(242)? a (1) 


a 7 
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From the symmetry of the parabola, 2y,; = P;Q: and 
Qy2 = Pe Qe; also 71 = AM; and 22 = AMg. 
Hence (1) becomes 
P; Q;?? sie AM 
Pz Q,” AMs, 


97. If a chord passes through a fixed point on 
_, the axis of a parabola, the product of the abscissae of 
_its extremities is constant. 
Vy 


Ww 
7 
. 





Let P(z, y) and Pi (21, y1) be the extremities of a 
chord through the fixed point B (h, 0) on the axis. 


Drop perpendiculars PN, PiNi. 
It is required to prove AN.AN; is constant. 


The equation of any line PP; through B is 
y = m(a—h). 


Combining this with the equation y? = 4azx 
m? (x — h)? = 4ex. 


om 2? — 2m? ha + h? m? = 4ax 


or a— (+3 2 +h? =0. (1) 
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If the roots of this equation are 21, 2, then x ar = h?. 


But the roots of (1) are the abscissae of the ex- 
tremities of the chord PP. 


Hence AN.AN; = h?, a constant. 


98.—Exercises 


1. If the ordinates of any two points on the parabola y? = 4az 
are in the ratio 1 to 2 show that the corresponding abscissae are in 
the ratio 1 to 4. 


Hence show that the square of the ratio of the ordinates of any 
two points on a parabola is equal to the ratio of the corresponding 
abscissae. 


2. The altitude of a parabolic segment is 8 feet and the length of 
its base is 14 feet. A straight line drawn across the segment per- 
pendicular to its axis is 7 feet long. How far is it from the vertex 
of the segment? 


3. An arch in the form of a parabolic curve, with vertical axis, 


is 40 feet across the bottom and the highest point is 12 feet above 
the horizontal. Whatis the length of a beam placed horizontally 
across the arch 3 feet from the top. 


4. A parabolic arch has a base 80 feet long and its highest point 
is 64 feet. Find the height of the arch at a point 10 feet from 
either end. 


5. The cable of a suspension bridge hangs in the form of a para- , 


bola. The roadway, which is horizontal and 300 feet long is sup- 


ported by vertical wires attached to the cable, the longest wire be- ~ 


ing 90 feet and the shortest wire being 20 feet. Find the length of 
the supporting wire attached to the roadway 50 feet from the middle. 


6. A suspension bridge of 80 foot span is to carry a platform by 
vertical tie rods at 8 foot intervals. If the height of the piers is 12 
feet and the vertex of the parabola in which the chain hangs is 8 
feet below the tops of the piers find the length of each tie rod. 


7. If p, p' are perpendiculars to the y-axis from the extremities 
of any focal chord of the parabola y? = 4az, prove pp! = a?. 
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8. The vertices of a triangle are three points on the parabola 
y? = 4az, whose ordinates are y1, y2, ys. Show that its area is 
ta (yi — yr) (y2 — ys) (ys — 1). 

9. Find the length of the side of an equilateral triangle inscribed 
in the parabola y* = 4az if one angular point is at the focus. 


10. Find the equation of a circle which passes through the 
vertex and the focus of the parabola y? = 82 and has its centre on 
the line x —y +2 =0. 


11. The circle (x — h)? + (y — k)? = r? cuts the parabola y? = 4az 
in four points whose ordinates are 41, Yo, Ys, Ya 


Prove 41 + y2 + ys + ys = 0. 
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99. To find the equation of the tangent to the 
parabola y? = 4ax in terms of the co-ordinates of the 
point of contact (x,, y;). 






Q x2 yey 


Let Q (x2, yz) be another point on the parabola. 
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Then the equation of PQ is 


eat (1) 
1 — Le Ving Ue 


Since P and Q are both on the parabola, 
yr = 4027}. 
yo? = 4axe. 


Subtracting, yi? — yo? = 4a (a1 — 2). 


~ (yr — yr) (yr + ye) = 4a (a1 — m2). (2) 
Multiplying the terms of (2) by the equal fractions 
in (1) (y—y) (yi t y2) = 4a (x — m1). (3) 


If now PQ rotates about P until Q coincides with P 
Then x2 = 4%, and yz = 1. 
Thus equation (3) becomes 
2y1 (y — yi) = 4a (@ — 21) 
or yyi — yx = Zax — 20%. 
yy, = 2ax — 2ax, + y:? 
we yy = Zax — 2ax, + 4an 
or yy: = 2a(2 +21), which is the 
equation of the required tangent. 


Cor. 1.—By similar reasoning to that above the 
equation of the tangent to the parabola xz? = 4ay at the 
point (2141) is x71 = 2a (y + y1). 


Cor. 2.—The tangent to the parabola at the vertex 
(0, 0)isO = 2axorxv=0. te. the y-axis. 
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100. To find the equation of the tangent to the 
parabola y? = 4ax in terms of m, the slope of the 
tangent. 


Ag 


Sei 


A x 


The tangent may be represented by the line 
y = mz + k where k is yet to be found. 

To find the abscissae of the points where the line 
y = mz +k cuts the parabola y’? = 4az, eliminate y by 
substitution, and 

(mx + k)? = 4ax 
or ma? + 2(mk — 2a)x+ kh? = 0. 

If the line is a tangent, the values of x from this 
equation are equal to each other. 

The condition for equal values of x is 


m?k? = (mk — 2a)? 


a 
or k=-—: 
m 


Thus the equation of the tangent is 


a 
Pa mt a eae 
101. Alternative proofs of the preceding proposition: 
\Aws ons > 


‘ 
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(1) It has been shown that yy, = 2a (% + 2%) is the 
tangent at the point (a1, y1). 


Comparing yy: = 2a (x + 21) 


2a 2ax1 
Sere) = 
and y= mz+b 
_ 2a 
Y1 
2a 
or Ct aaa 


and b = 20% — 4am _ (wi)?_ 1 _ 2a_a 


Y1 2y1 2y1 2 2m m 


. y=me+ = is a tangent to the parabola 


y”? = 4az. 
; 2a\? a 
(2) Since (2) = 4a (4) 
the point (4 =) is on the parabola y? = 4az. 


Substituting “0 for 21, y: in the equation of the 


tangent yy: = 2a (« + 21) 


2a a 


which reduces to y = mz + = 


Yad 
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iN! The equation of sea tangent to the parabola 2? = 4ay 
having a slope “‘m”’ is y = mz — am’. 


102. Two tangents can be drawn to the parabola 
y® = 4ax from any point which is outside the parabola. 


The equation of any tangent is 
a 
y= mxe+ an 
This line will pass through the point (a, y:) if 
; a 
yi = mx, + 08 


that is if mz, — my, + a = 0. 


This being a quadratic gives two values of m, and 
therefore in general two tangents can be drawn from a 
given point (21, y1) to a parabola. This equation also 
gives the slopes of the tangents passing through the 


point (x1, y1). 


103. If two tangents to the parabola y’ = 4ax in- 
tersect at right angles, find the locus of their 
intersection. 


Let the tangents be y = mz + = (1) 


and y = max+ <. (2) 
1 


TANGENTS AND NORMALS 111 


Applying the condition of perpendicularity 
mm = —1. (3) 


Subtracting (2) from (1) 


0=2z2(m—m) +a m—*) 


mm, 
or Eek aero 
Using (3), O0=2xa+a 
r=-a 


i.e. the locus is the directrix. 


104. To find the equation of the normal to the 
parabola y? = 4ax at the point (x, y:). 


The equation of any line through the point (2%, y1) is 
Fae any sala Saat (a = 2X1). (1) 





If this be the normal at (a1, y:) it is perpendicular to 
the tangent yy: = 2a (x + 21) 


or y Be te tx); 
Y1 
The condition for perpendicularity is 


iC A 
. aA 


“~ \ 


Substituting this value of m in \(/) thus making (1) 


the normal, the equation is y — y1 = — Bt (% — 21) 


2 
or a+ (y—y) = 0. 


LA 


J 
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105.—Exercises 


1. Write the equations of the tangent and normal to each of the 
following parabolas at the point indicated: 
(a) y? = 42 at point (1, 2): 
(b) 2? = 8y at point (4, 2). 
(c) y? = 9x at point (1, 3). 
(d) #2 =25y at point (5, 1). 
(e) x? = —4y at point (1, — \). 


2. Find the equation of the tangents to the following parabolas, 
having the inclinations indicated: 
(a) y? = 82, inclination 30°, 45°, 135°. 
(b) 2? = 8y, inclination 60°, 120°, 150°. 


3. Find the equations of the tangents to the parabola y? = 4az 
drawn at the extremities of the latus rectum. 


4. Find the equations of the tangents to the parabola y? = 12x 
drawn at the extremities of the latus rectum. 


5. Find the equations of the tangents to the parabola y? = 6z 
drawn at the extremities of a focal chord making an angle of 45° 
with the axis. 


6. For what value of K will the line y = 2x + K be a tangent to 
the parabola y? = 8x? 


7. For what value of p will the line y = 3x — p be a tangent to 
the parabola y? = 32? 


8. Find the equations of the tangents to the parabola y? = 4x 
which pass through the point (1, 5). 


9. Find the equations of the tangents to the parabola y? = 2z 
which pass through (— 2, — 2). 


10. Find the equation of a tangent to the parabola y? = 82 per- 
pendicular to 2x — 3y + 6 = 0. 


11. Find the equation of a tangent to the parabola y? = 8x par- 
allel to 3x + 4y +7 =0. 


12. Find the equations of the normals to the parabola y? = 20x 
at the extremities of the latus rectum. 
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13. Find the equations of the normals to the parabola y? = 4x 
drawn at the points of intersection of the line x + 2y = 6 and the 
parabola. 


14. Show that the tangent to the parabola y? = 4az at the point 


(x1, y!) is perpendicular to the tangent at the point (5 - =) . 
15. Find the equation of the common tangent to the parabolas 
y? = 4az and x? = 4by. 
16. Find the equation of the common tangent to the parabolas 
y? = 122 and 2? = 8y. 


17. Show that the line joining any point in the directrix to the 
focus of the parabola y? = 4az is perpendicular to the chord of con- 
tact of tangents drawn from that point. 


18. Prove that the tangent at any point on the parabola y? = 4az 
will meet the directrix and latus rectum produced, in points equi- 
distant from the focus. 


106. At any point on the parabola the tangent 
bisects the angle between the line from that point to 
the focus and the perpendicular on the directrix. 





Let P (a1, y:1) be any point on the parabola; PT the 
tangent; PF the focal distance; PM the perpendicular on 
the directrix. 


It is required to prove angles FPT, MPT equal. 
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Equation of tangent PT is yy: = 2a (x + 2). 
At the point T, z = AT, y = 0 
* 0 = 2a (AT + 2;) 
and AT = — % 
Hence TA = AN 
Also FA = AZ 
Adding, TF = ZN = MP = PF 
‘. triangle FTP is isosceles 
and Z FPT = Z FTP = Z MPT; 
Hence PT bisects the Z MPF. 
Cor.—This proposition gives the pupil a short method 
for drawing a tangent to the parabola at any point P. 
Measure FT on the axis equal to FP and join PT. 
The line PT is the tangent at P. 
The line TN is called the subtangent. 


If PG be the normal at P the line NG is called the 
subnormal. 


wh 107. To show that in the parabola the subnormal 
‘ is constant. 
In § 106 the co-ordinates of G are AG, O. 


Substituting these values in the equation of the 
normal 


2 
¢—-m+—w=—y = (), 
Yi 
AG -n+20- eat: 
* AG = ole 2a. 
But AN = TM 
*. NG = 2a, which is constant. 


( 
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108. To find the locus of the foot of the perpendi- 
cular from the focus of a parabola on the tangent. 





The equation of the tangent is y = mz + <. = (2) 
The equation of a line through the focus (a, 0) is 
y =m («% — a). (2) 
If (2) is perpendicular to (1) then m = — ~ 
Equation (2) becomes y = — * (x — a). (3) 


Combining (1) and (8) to obtain the point of inter- 
: a oe 
pie —-— se io — 
section, mx 4 + 


or (m?+ 1) 2 = 0. 
m? + 1 cannot equal 0. 
. «= 0. 


z.e. Ay, the tangent at the vertex, is the locus of the 
foot of the perpendicular from the focus on the tangent. 


if 

' 

SS 
yA 


rye ‘ 
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109. To find the locus of the middle points of 
parallel chords of the parabola y’ = 4ax. 


oad Pisxnyy 





Let the chords be inclined to the axis at an angle 9, 
P, (21, yi), P2 (22, y2) the extremities of one of the chords, 
and R(z, y,) its middle point. 





_ Ut % 
and y = zs - = 
tan 6= Yi — ¥2, (2) 
Ty — Xe 
Since (2, y:1) and (a2, y2) are on the parabola. 
yr" = 4ax, 
ye = Aaxe. 


Subtracting, y2 — yo? = 4a (a1 — 22) 


or (yi — y2) (yi + y2) = 4a (a1 — 2). 
Dividing by 2 (21 — 2) 
Yi — Ye (et) aye! 
X1 — Xe 2 
y. tan 9 = 2a 
or y = 2a cot 9, 
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This is the equation of the locus and is a straight line 
parallel to the axis. 


The locus of middle points of parallel chords of a 
parabola is called a diameter. 


Let the chord P,P: (§ 109) move parallel to itself to-- 
wards P, the point where the diameter cuts the parabola; 


Then ultimately the bisected chord becomes the 
tangent at P. 


Hence the tangent at the extremity of a diameter is 
a to the chords which the diameter bisects. 


prev 110.— Exercises 


1. In the parabola y? = 42 find the length of the subtangents at 
the points (16, 8); (2, 2/2); (3, 2/3). 

2. In the parabola y? = 32, find the length of the te se 
at the points (1, 2); (./2, 4); (/3, 6). 


3. Prove by a diagram that the length of the subtangent to the 
parabola y? = 4az is always equal to twice the abscissae of the point 
of contact of the tangent. 


4. Show that the subtangent of the parabola y* = 4az is bisected 
at the vertex. 


5. For what point on the parabola y* = 4az is the normal equal 
to the subtangent. 


6. Show that the tangent at any point on the parabola y? = 4az 
meets the directrix and latus rectum at points equidistant from the 
focus. 


7. If PT be a tangent to the parabola y? = 4axr at the point P, 


and FY the perpendicular from the focus on the tangent, prove 
FY? = AF.FP. 

8. If the ordinate PN at any point P on the parabola y? = 4az 
meet LT the tangent at the end of the latus rectum in T, then 
TN equals PF. 


9. Prove that tangents to the parabola y? = 4az from any point 
on the directrix are perpendicular to each other. 
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10. Two tangents are drawn to the parabola y? = 4az from any 
point P (x, y:). If P,; and P, be the perpendiculars from the focus 
on these tangents, prove P,.P; = a.PF. 

11. Find equation of the chord of the parabola y? = 4ax whose 
middle point is (h, k). 

12. Find the locus of the middle points of chords through (x, y:) 
of the parabola y? = 4az. 


13. Find the locus of the middle points of focal chords of the 
parabola y? = 4az. 


14. Show that the normal at one extremity of the latus rectum 
of a parabola is parallel to the tangent at the other extremity. 


15. From any point on the latus rectum of a parabola y? = 4ax 
perpendiculars are drawn to the tangents at its extremities. Show 
that the line joining the feet of these perpendiculars is a tangent to 
the parabola. ) " 


2 Potes AND Pouars 

pes 111. To find the equation of the chord of contact of 
tangents drawn from an outside point to the parabola 
y’ = 4ax. 





Let P (x, yi) be the given point, and PA and PB the 
given tangents. It is required to find the equation 
of AB. 
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Let (h, k) and (h!, k') represent the co-ordinates of A 
and B respectively. 


The equation of PA is 

yk = 2a (x +A). 
The equation of PB is 

yk! = 2a (x + Ab). 


Since the point P (21, y:) is on both these lines 
yik = 2a (41 +h) (1) 
and yik! = 2a (a, + hi). (2) 


The equations (1) and (2) are the conditions that the 
points (h, k) and (A! k) may lie on the straight line 
whose equation is 


yy = 2a (x, + 2) 


which is the required equation of the chord of contact 
of the tangents drawn from the point (21, y:). 


If the point P approach the parabola and ultimately 
fall on it, the chord of contact becomes the tangent at 
P or the tangent at P is the final position of the chord 
of contact when P approaches the parabola. 


This is the reason that the equation of the chord of 
contact of tangents drawn from an outside point to a 
parabola is of the same form as the equation of the 
tangent at a point on the parabola. 


Ave 
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112. To find the equation of the polar of P (x1, y:) 
with respect to the parabola y? = 4ax. 





Through P draw any straight line cutting the parabola 
at A, B. Draw tangents AQ, BQ intersecting at Q (h, k). 


It is required to find the locus of Q. 

By § 111 the equation of AB is 
yk = 2a (x +h) 

And as the co-ordinates of P must satisfy this equation, 
yik = 2a (% +A) 


as h, k are the co-ordinates of any point on the polar of 
P, the required equation is 


yy: = 2a (x + 2) 
The polar of the focus (a, 0) is 
xrt+a=o0 


i.e. the directrix; therefore the tangents at the ends of 
a focal chord intersect on the directrix, or the directrix 
is the locus of the intersection of tangents at the ex- 
tremities of focal chords. 
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The equation of the polar of the point P (a1, y:) with- 
cut the parabola y? = 4axz is the same as that of the 
chord of contact of tangents drawn from P to the para- 
bola; or tangents drawn from P touch the parabola at 
the points where it is cut by the polar of P. ES 


, 


113, In the parabola the tangents atthe extremi- 
ties of any focal chord are at right angles to each 
other. 





Let T (—a; k) be a point on the directrix where the 
tangents AT, BT at the ends of the focal chord AFB 
intersect. 

It is required to prove that AT and BT are at right 
angles. 


Let y = mz + - be either of these tangents. 
Since it passes through ( —a, k) 
a 
k= —ma+ = 
or m? + am —1=0 


which is the relation connecting the m’s of AT and BT, 
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If m; and mz be the roots of this equation. 

Then m,.m, = — 1. 7.e. AT and BT are at right angles. 

114. In the parabola the focal chord is at right 
angles to the line joining its pole to the focus. 

Using the figure of § 113. 


Let AFB be any focal chord, T (—a, k) its pole. It 
is required to prove AB at right angles to FT. 


The equation of AB, which is the polar of ( —a, k) is 
yk = 2a (4 — a) 
The equation of TF, through (a, 0) ( —a, k) is 


r—a 
2a sa 


and these lines satisfy the condition of perpendicularity. 





y 
ET 


115. If the polar of P passes through Q, the polar 
of Q passes through P. 


Let (x1, y1) (x2, y2) be the co-ordinates of P, Q respec- 
tively. 


The polar of P with respect to parabola y? = 4az is 
yyi = 2a (x + 1) 

Since this line passes through Q 
yiy2 = 2a (x1 + 22) 

This proves that 21, y1, is on the line 
yy2 = 2a (x + 22) 


and therefore P is on the polar of Q. 


EXERCISES 123 


Cor. If the point @ moves along the polar of P, the 
polar of Q changes its position but always passes 
through P. 


If the pole moves along a straight line, its polar 
turns about the pole of that line. 
116. To find the pole of the straight line Ax + By 
+c = 0 with respect to the parabola 7? = 4az. 
Let (a1, yi) be the co-ordinates ofthe pole. 
The equation of the polar of (2, y:) is 
yy. = 2a (© + 21). (1) 
This equation must be the same as 
Axr+By+c=0 
or By = —Az —C. (2) 
Comparing (1) and (2) 





B —A —C 
Cc — 2aB 
Therefore x, = ar yi = = 
werk CS 2aB 
The pole 1S (¢ — 2). 


117.—Exercises 


1. Find the polar of the point: 
(a) (8, 5) with respect to y? = 4z. 
(b) (2, 3) with respect to y? = 8z. 
(c) (3, — 1) with respect to y? = 6z. 


2. Find the pole of the straight line: 
(a) 2x + 38y = — 17 with respect to y? = 2z. 
(b) 3x — y = 6 with respect to y? = 8z. 
(c) 6% + 2y = 7 with respect to y? = 62. 
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3. Find tbe pole of the line +¢ = 1 with respect to the para- 
bola y? = 4pz. 

4. Show that the polars of all points on a line parallel to the axis 
of the parabola are parallel to one another. 


5. Write down the normal to the parabola y? = 4az at the point 
(at?, 2at). What are the co-ordinates of its pole? What is the 
locus of the pole. 

6. (a) Show that (2, 4) is on the parabola y? = 8z. 

(b) Write the equation of the tangent to the parabola at this 
point. 
(c) Show that the point (6, 4), is on this tangent. 
(d) Write the equation of the polar of (6, 4). 
Plot the above on squared paper. 


7. Find the equation and length of the chord of contact of tan- 
gents to y? = 4z from the point (2, 3). 


8. If Ris the middle point of a chord PQ of the parabola y? =4az. 
Show that the polar of R is parallel to PQ. 


CHAPTER V 
THE ELLIPSE 


118. An Ellipse is the locus of a point which moves 
so that its distance from a fixed point, called the focus, 
bears a constant ratio, which is less than unity, to its 
distance from a fixed straight line, called the directrix. 





119. To find the equation of the ellipse. ; ae 
ne 
{R. 
x 
Let F be the focus and KR the directrix. 
Draw FZ perpendicular to KR. 
Divide FZ internally at A and externally at A; 
FA 
So that Ag a FA = €.AZ (1) 
and ge é, or AiF = ¢.AiZ. J (2) 
AiZ 


By definition A and A, are points on the locus. 


Bisect AjA in C; let AiA = 2a. 
125 
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Adding (1) and (2), 
FA + AiF = e (AZ +A,Z) 
Bf 2CA bes 2e.CZ 


—_— 


fg cz = a } (3) 


Subtracting (1) from (2), 
AF — FA = e (AiZ — AZ) v4 
“. AA — 2FA = @€.AiA 
“. 2CF = 2e.CA 


or CF = ae (4) 


Let C be taken as the origin, CZ as the axis of X, and 
BCB, which is perpendicular to CZ as the axis of y. 


Let P (x,y) be any point on the locus. 


Draw PN perpendicular to CZ and PM perpendicular 
to KR. 


Then CN = 2, PN = y, the co-ordinates of F and Z 
are (ae, 0) and (¢ 0). 


By definition of the ellipse, 


PF 
PM 
or PF? = e?.PM? = ¢é?.NZ? 
*, FN? + PN? = e?.NZ? 
But FN = CN — CF and NZ = CZ — CN 


2 
* (@— aot += 6 (4-2) 


- 
j 


y —| Jxcalt & A we 


r ry 


xa” 
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oraz? (1— e) +y? = a (1 — e) 
x2 y’ <. 
or a + @(l—e) 1 (5) 
which is the equation of the ellipse. 
Putting a?(1 — e?) = b, equation (4) takes the form 
a? y” 
a ' Be 
_ This is the form in which the equation is usually 
written. LA 


= 1 (6) 


Equation (3) gives the distance from the centre to the 


directrix, CZ = 


Equation (4) gives the distance from the centre to the 
focus, CF = ae. 


The square of the eccentricity, ¢ 
tained from a? (1 — e?) = Bb. 


The points A and A; are called the vertices of the 
ellipse. C is the centre, AA, is called the major axis 
and BB, the minor axis. 





120. In deducing the equation of the ellipse 

wy? 

aes pan 1 
the focus and directrix were placed in convenient posi- 
tions in order to get the equation in the most suitable 
form from which to study the properties of the ellipse. 
In the following examples the focus is taken as any 
point and the directrix as any straight line. 
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To find the equation of the ellipse whose focus, 
directrix and eccentricity are given. 


(1) Let the focus be the point (4, 5), the directrix 
the line 2x + 3y + 4 = 0 and the eccentricity : . 


Then by definition, if (x, y) is any point on the locus, 


; 6\? (2a + 3y + 4)? 
— 4)2 —iht 1 bee ee 
@— 4" + y—sy = (S) Cet? 

(2) The equation of the ellipse whose focus is the 
point (h, k), whose directrix is the line Ax 4- By + C = 0 
and whose eccentricity is e 
2 (Ac + By + C)? 

A? a B? 


Unless otherwise stated the equation of the ellipse 


is (tw —h)? + (y—k)? = 


2 2 
will be assumed to be of the form 3 + x = 1. 


121. To find the length of a latus rectum of the 
ellipse. 





LFL,; is a latus rectum of the ellipse 
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Substitute x = ae in the equation 


x y? 
ors 


2 92 2 
thn 24% =1 
a 


2 


oy fe mse) 





b2 
Pes 1 s? o 6? 
b? 
-@ 
yh b? 
at ee a 


.. length of latus rectum = 27 . 


122. The sum of the focal distances of any point on 
an ellipse is constant and equal to 2a. 





Let P (x, y) be any point on the ellipse, F and F; the 
foci, KR and KR: the directrices. It is required to 
prove PF + PF, = 2a. 
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PF =e-PM = e-NZ 
e (CZ — CN) 


a 
=¢(-2)-a-e, 
€ 


PF, = e-M,P = e-ZiN 
e (ZiC + CN) 


e(¢+2) =a+ ex. 


“. PF + PF; = (a — ex) + (a + ez) 


== Da. 


This property leads to another definition of the ellipse. 


An ellipse is the locus of a point which moves so 
that the sum of its distances from two fixed points is 
constant. 

Let the constant sum be 2a, and the distances be- 
tween the two fixed points be 2ae. Let the middle 
point of the line joining the fixed points be the origin 
and let this line and a line perpendicular to it be the 
axes. Then from the definition above 


VJ (x + ae)? + y? + SY (e — ae)? + y’? = 2a. 
Rationalizing, this equation becomes 
yte(l—-e)=a@(1—e) 

a? y? 
Orel gt tinal) 
in § 119. 

This gives a method of describing the ellipse mec- 
hanically. 


= 1 which is equation (4) obtained 
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If the ends of a thread are fastened at two fixed 
points F and F; then a pencil moved about so as to keep 
the thread always stretched will describe. an ellipse 
whose foci are F and F; because PF + PF; will be con- 
stant. 


2 2 
123 To trace the form of the ellipse ai ar a =1 


from its equation. 





(1) Ife=0,y=+b;ify=0,2=-+a. Therefore 
the curve cuts the x axis at +a and the y axis at +b. 
(2) 2 = < (b? — y’). Hence the value of y cannot be 


greater, numerically, than + b, or otherwise x? would be 
negative. Similarly x cannot be greater, numerically, 
than +a. Therefore an ellipse is a curve which is 
limited in all directions. 


(3) y=H=u 2 /a? — x. Therefore as x increases from 


o to a, y decreases from + 6 to 0. 
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(4) For any particular value of x the values of y are 
equal with opposite signs. The axis of «x therefore 
divides the curve into two similar and equal parts. 
Similarly the curve is symmetrical with respect to the 
axis of y. 


(5) Let the straight line y = mx +c cut the ellipse. 
The abscissae of the eae of intersection are obtained 
4. (me + of +c)? 

=e 
ing two values of xz. Hence a straight line can cut 
an ellipse in only two points, which are real, coincident 
or imaginary. 


from the equation m = 1, a quadratic giv- 


(6) If P (x, y) be any point on the curve, 





UPN PS ee ee 

He PAN te Ae ee (a—z) @ y(a—2) 
_ BPat+2z 
ae ae | 


Ultimately when P moves along the curve indefinitely 
close to A the value of y = 0 and x = a. 


4 
Then tan PAN = a s : oes 





“. angle PAN in the limit = 90°. 
Hence the curve cuts the axis of x at right angles at 
the point A. 


Similarly it cuts the axis of y at right angles at the 
point B. 


On account of the symmetry of the curve it will cut 
the axes of x and y at right angles at the points A; and 
B; respectively. 
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Since the axis of y divides the curve into two similar 
and equal parts it follows that if on the axis of x the 
points F; and Z; be taken such that CF, = CF and CZ, 
= CZ the point F; will also be a focus of the curve and 
the line through Z,; perpendicular to CZ, will be the 
corresponding directrix. 


124. Every chord through the centre of an ellipse 
is there bisected. 


Let (a1, y:) be any point on the curve. The co- 
ordinates (21, yi) will satisfy the equation 


gy? 
atpt 


(a1)? +- (y1)? =] 


a? b? 


— 2 fe. 2 
also eat sat soak Ps .2 =1 


t.e.—the point (— 21, — y1) is also on the curve. 


But the points (x, yi) and (— 2%, — yi) are on a 
straight line through the origin and are equidistant from 
the origin, 

since (11)? + (yi)? = -V(—21)? + (—)’. 

Hence the origin bisects every chord which passes 
through it, and is therefore called the centre of the 
ellipse. 


125. Examples 


(1) Find the equation of an ellipse whose focus is 
(I, 0), directrix x — 4 = 0 and eccentricity }. 
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From the definition of the ellipse, 
Va@—-1f+ty=ate—4) 
or reducing 
32? + 4y? = 12. 


(2) Find the eccentricity, the length of the latus 
rectum, the co-ordinates of the foci, the semi-axes of 


the ellipse 9x? + 25y” = 225. 
This equation can be written in the form: 


xv y" 
zas tag — 1 
9 25 
2 2 
or a + s =] 
“. length of semi-axes is 5 and 3, 


The latus rectum = 27 =2xX3= 32 
ae=5X+4=A4; .. co-ordinates of foci = (+ 4, 0) 
(3) Find the centre, vertices, eccentricity, and foci 
of the ellipse 4x? + oy? + 16x — I8y — II =0 
This equation can be written in the form 
(a? + 4+ 4) +$(y° — +1) =A +4 = 


x + 2)? — 1) 
or E42" WD 


co-ordinates of centre = (— 2, 1) and the lengths of the 
semi-axes are 3 and 2. 
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a eee 
ca — ff 





ore = 47/5 


olor 


a = 38, .. co-ordinates of vertices are (3 — 2), 1 and 
(— 3 — 2), 1 or (1, 1) and (— 5, 1) 

ae=3 X4vV5 = V5. “. co-ordinates of foci are 
(—2++/5) and 1. 

In this problem the major axis is parallel to the axis 
of x. 


126. Exercises 

1. Find the equation of the ellipse whose focus is (1, 0), directrix 
x+y =0 and eccentricity 14. 

2. Find the eccentricity, the length of the latus rectum and the 
co-ordinates of the foci of each of the ellipses. 

4x? + Qy? = 36 and 92? + 4y? = 36. 

8. Given the ellipse 3x? + 4y? = 2, find its semi-axes, eccentricity 
and foci. 

4. Find the centre, vertices, eccentricity and foci of the ellipse 
162? + 9y? — 16x + 6y — 189 = 0. 

5. Find the eccentricity of the ellipse 27? + y? = 3z, also its foci 
and directrices. 


6. Find the equation of the ellipse when the origin is at the 
left hand vertex and the major axis lies along the = axis. 


7. Find the equation of the ellipse when the origin is taken at the 
lower extremity of the minor axis and the minor axis lies along the 
axis of y. 


8. Find the semi-axes of the ellipse = +% = 1 so that it shall 
pass through the points (2, 3) and (— 1, — 4). 

9. Show that the equation 4x? + 2y? = 6x represents an ellipse 
whose eccentricity is 38 and whose origin is at an extremity of the 


v2 
minor axis. 
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10. Find the equation of an ellipse if its axes are 8 and 4, its 
centre is (2, — 3) and its major axis is parallel to the « axis. 


11. Find the equation of the ellipse which has the point (-- 1, 1) 
for focus, the line 4x — 3y = 0 for directrix, and whose eccentricity 
is $. 

12. Find the equation of the ellipse if its axes are ? and 4, its 
centre is at (1, — 1) and its major axis is parallel to y axis. 


127. Exercises 


1. Find the eccentricities, the co-ordinates of the foci, and the 
lengths of the latus recta of the following ellipses: 


(a) 2(2 — 1)? + 3(y+ 2)? =1. 
(b) 8(@ — 1)? + 6(y + 1)? = 1. 
(c) 4a? + 5y? — 8x — 20y =0. 


2. The vertices of an ellipse are (+: 6, 0) andits foci are (+ 4, 0). 
Find its equation. 


3. Find the equation of an ellipse when the vertices are (+ 4, 0) 
and one focus is (2, 0). 


4. Find the equation of an ellipse when the vertices are (0, 2) and 
(0, — 4) and one focus is at the origin. 


5. Find the equation of the ellipse whose foci are (0, + 3) and 
major axis is 10. 


6. Find the equation of an ellipse when its centre is at the origin, 
one focus is at the point (— 4, 0) and the minor axis is equal to 6. 


7. The centre of an ellipse is at (— 2, 3) and its major axis of 8 
units in length is parallel to the y axis. Its eccentricity is }. 
Find its equation. 


8. Find the equation of an ellipse whose eccentricity is 4, the 
ordinate at the focus 4, the centre being at the origin, and the 
major axis lying along the z axis. 


9. The straight lines joining a point P on the ellipse to the ex- 
tremities of the minor axis meets the major axis in g andt. Prove 
that Cq.Ct = CA? where C is the centre of the ellipse and A one of 
the extremities of the major axis. 
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10. Find the equation of an ellipse and its eccentricity if the foci 
lie halfway between the centre and the vertices, the centre being at 
the origin and the major axis lying along the z axis. 


11. Find the eccentricity of an ellipse if the straight line con- 
necting the positive ends of the axes is parallel to the straight line 
joining the centre to the upper end of the ordinate at the left 
hand focus. 


12. Find the equation and the eccentricity of an ellipse if the 
ordinate at the focus is one third the minor axis, the centre being 
at the origin and the major axis lying along the z axis. 


13. Find the equation of the ellipse whose latus rectum ie 


2? 
eccentricity vi, the centre being at the origin and the major axis 
lying along the z axis. 


14. The major axis of an ellipse is divided into two parts equal 
to the focal distances of a point Pon the ellipse. Prove that the 
distance of the point of division from either end of the minor axis 
is equal to the distance of P from the centre. 


TANGENTS AND NORMALS 
128. To find the equation of the tangent to the 


2 2 
ellipse =~ + r =1, in terms of the co-ordinates of the 


point of contact (xi, y:). 


Prac, Y) 


Q x2 Yo 


Let Q (%, yz) be another point on the ellipse. 
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Then the equation of PQ is 

Ph Oar! | ia Ya Uy 

oe Emde Serer ie 
Since P and Q are both on the ellipse, 


(1) 


Ea | 
aye 
Loz y 2 
and ea + ai = 1. 
ae | 1 
subtracting a (xy? — a”) + rz (y2 — yo?) = 0. 


or 


(a1 — =a + 22) RAF: (yi — ua Mu + ye) (2) 


Multiplying the terms of (2) by the equal fractions 
in (1) 


aha) eon) Sw ye 
a b° 


If now PQ rotates about P until @ coincides with P 
then x2 = x, and y. = y; 


and equation (3) becomes 


2r(t-%) _ — hs (y — w) 
nny ghee _—_ = Gee Rar ae 


rx x7? 2 
OF et eee eee 


or 4 WY ye 


: ety = 


= 1 is the equation of the tangent to the 


ellipse % eS ae i at the point (1, y:). (4) ) 
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Cor. 1.—The co-ordinates at the extremities of the 
major axis are (a, 0) and (— a, 0) respectively. Sub- 
stituting these co-ordinates in (4) the tangents at these 
points arex =a and x= —a. Hence the tangents at 
the extremities of the major axis are perpendicular to 
that axis and are parallel to the minor axis. Similarly 
the tangents at the extremities of the minor axis are 
parallel to the major axis. 


Cor. 2—The tangent at the point (21, yi) is parallel to 
the tangent at the point (— x, — yi) since the tangent 
at (— %, — yi) is a ao a: =-—1. These two points 
(x1, yi), (— %1, — yx) lie on a straight line through the 
centre of the ellipse. Hence the tangents at the ex- 
tremities of any chord passing through the centre of an 
ellipse are parallel. 


129. To find the equation of the tangent to the 
2 2 
ellipse ath =I in terms of m, the slope of the 
tangent. 


The tangent may be represented by the line y = 
mx +c where cis yettobefound. To find the abscissae 
of the points where the line y = mz + ¢ cuts the ellipse 


2 2 
at - =1, eliminate y by substitution giving 
we ime cy 1 
Sopa aa 
or 27(b? + a’m?) + 2mca?x + a? (c? — Bb?) = 0 
If the line is a tangent, the values of x from this 
equation are equal to each other. 


The condition for equal values of x is 
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a? (c? — b’) (6? + a’m?) = mica 
or C=mMe?+? 
or c= tVmet+P 
Thus the equation of the tangent is 
y= mrt /mae +e 
The double sign before the radical indicates that 
there are two tangents to the ellipse for every value of 
m, that is, there are two tangents parallel to any given 


straight line. These parallel tangents are equidistant 
from the centre of the ellipse. 


Alternative proof of the preceding proposition: 


It has been shown that = + == ie = 1 is the tangent 
at the point (x, y:) 


Comparing = nee YE 7 = 1 


and y=mxr+e 
or mz—-y=-—cC 
nt ives ee o 
g Ty Y1 1 
e 


wend 2772 2 
Hence ¢ x Gb ye Os 
x Yi ae 


a b2 


= ++/m a + B 


*, equation becomes y = mx + /m’a? + Bb. 


TANGENTS AND NORMALS 141 


130. Two tangents can be drawn to the ellipse 
= + a =1 from any point which is outside the 
ellipse. 

The line whose equation is y = mz + /m?a? + 8 is a 
tangent to the ellipse for all values of m. 

This tangent will pass through the particular point 
(t1, yi) 1f yr = may + Vm a? + 0. 

or if (y; — ma)? = ma? + B? 
or if m? (x2 — a?) — 2mayi + y? — B = 0. 


This is a quadratic equation which gives the direc- 
tions of those tangents which pass through the point 
(x1, yi). A quadratic equation has two roots, therefore 
two tangents to the ellipse will pass through any point 


(x1, yi). 
131. a ee the equation of the normal to the 
ellipse = 5+ = I at the point (x, y:). 


The equation of any line through (a, y;) 
is y— yi = m(x — 2) (1) 
If this be the normal at (a, y:) it is perpendicular to 
the tangent —> = + a ait | 





The condition for perpendicularity is 


v1 Yy 
m. = — p= 0. 


_m @ 


or 
- Be Ly 
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Substituting this value of m in (1) thus making (1) 
the normal, the equation is 


y- m= E> (em) 
b2 2 
or —(y — 1) =< (2 — 2) 
Yi 
or —f- y= af 


This equation is frequently written in the form 


oo ee 


MT Yi 
a b? 


132. In the ellipse the normal bisects the angle 
between the focal distances. 





Let the normal at P (%, y:) cut the major axisin D. 
Then the co-ordinates of D are (CD,0). Substitut- 
ing these in the equation of the normal it becomes 

2 
= .cb =a — FF 
a 
ae b? 


a 


or CD = 





m1=e.% 
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Hence FiD = ae+ e’2, 
and DF = ae — e?2,; 


Hence PD, the normal, bisects the angle between the 
focal distances. 

This property gives a short method for drawing the 
tangent and the normal at any point on the ellipse. 


133. In the ellipse the locus of the foot of the per- 
pendicular dropped from either focus on a tangent is 
a circle on the axis major as diameter. 





Let PR be a tangent at any point and FQ, FQ; 
perpendiculars from the foci on PR. 


Let the equation of PR be 
y=me+ Vm + 0? (1) 
The line FQ through the focus (ae, 0) and perpendicu- 
lar to PR is 


y= — + (0 - a6) (2) 
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Form (1) y—me = J/me+ BP (3) 
Form (2) my + «= ae = V/a? — BF (4) 


If we eliminate m from (3) and (4) the resulting 
equation is the locus of the foot of the perpendiculars 
from the focus (ae, 0) on any tangent to the ellipse. 


Squaring (3), y? — 2mzxy + m?2? = m?a? + B? 
Squaring (4), my? + 2may + 2? = a — BP 
Adding y (1+ m*) + 2 (1+ m’) = a (1+ m’?) 
or v+y =a which is 
the equation of a circle on the major axis as diameter. 


The same equation is obtained if the line F,Q; through 
the focus (— ae, o) is considered. 


This circle is called the auxiliary circle of the ellipse. 


134. The area of the ellipse is ]] ab. = \ ‘ 
‘anne 





In the ellipse y = oe — x’; in the auxiliary circle 


y= Je — 2. 
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Hence CN being the x for both P and Q, PN = 2 QN; 


and therefore rectangle PM: rectangle QM = b:.a. 


This proportion holds for all such corresponding 
rectangles. Therefore the sum of all such rectangles 
PM is to the sum of all such rectangles QM as b is to a. 


But if the number of these rectangles be increased 
indefinitely, their width being indefinitely diminished, 
their sums become the areas of the ellipse and circle 
respectively. 


Hence, area of ellipse: area of circle = b: a; 


.. area of ellipse = —.- ][ a? 


b 
6 
a 


= i} ab. 


135. In the ellipse the locus of the point of inter- 


section of tangents which are at right angles to each 
other is the circle x? + y? = a?+ b?, 


The line whose equation is 
y=m+ Vm’ + (1) 
is a tangent to the ellipse for all values of m. 
This equation gives us the directions of the tangents 
which pass through the point (a, y). 
. Rationalizing (1) it becomes 
m (2? — a?) —2Qmzy+y—-B=0 (8) 
Let m: and mz: be the roots of (2) 
If the tangents are at right angles, mum: = — 1 
The product of the roots of (2) is 
y? psa b2 
x? ee a 
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2 p2 
Therefore ¥— =-—1 
or 22+ y? = a? + Bb’, which is the equation of a circle. 
The required locus is therefore a circle. 


This circle is called the director circle of the ellipse. 


136.—Exercises 


1. Determine c so that y + 2 =c may be a tangent to the ellipse 
2x? + 3y? = 1. 


2. Find the tangent and normal to the ellipse 32? + 4y? = 12 at 
the end of the latus rectum in the first quadrant. 
2 2 

3. Find the equations of the tangents to =; + - = 1 which makes 


an angle of 60° with an axis of z. 


2 2 
4. Find the tangents to the ellipse +8 = 1 which cut off 
equal intercepts on the axes. 


5. Find the equations of the tangents to the ellipse 3x? + 4y? =12 
which cut off equal intercepts on the axes. 


6. Show that the line y=2+ Ve touches the ellipse 2x? + 3y? 
=1, 


2 2 
7. Find the axes of the ellipse - + a = 1 so that the ellipse may 
pass through the point (6, 4) and have the line 3x + 8y =50 for 
tangent at that point. 


2 2 
8. Find b so that y=2-+b6 may touch at4 =1, and 


s a te EA 
y = 2x +b may touch a5 + 55 = 1. 


9. Find the locus of the middle point of that part of a tangent 
to an ellipse which is intercepted between the tangents at the 
vertices of the ellipse. 
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2 2 
10. Two tangents to the ellipse = +¢ = 1 are such that the 


product of the tangents of the angles they make with the axis 
yt 


nee b? E ; x2 
major is — 7 Show that they intersect on the ellipse Dat + op 


: 2 
=1. 


11. The normal at P meets the axes of an ellipse at G and g. 
Prove that PG.Pg = SP.S,P where S, S, are the foci. 


12. A line through C (the centre) parallel to the tangent at P 
on an ellipse meets the focal distances of P in d andd,. Prove 
that Pd = Pd, = a (the semi-major axis.) 


13. P is any point on the ellipse. If FP =r and the perpendi- 
2 
cular from F on the tangent at P = ¢, show that a = 0 —1. 
14. If any ordinate MP be produced to meet the tangent at the 
end of the latus rectum through the focus Fin Q. Prove that 
the ordinates of Q is equal to the distance FP. 


15. Find the equations of the tangents to the ellipse which are 
parallel to the line = + = 1. 
16. If the normal at any point P on an ellipse cut the major axis 


in K, show that, for different positions of P, the locus of the 
middle point of PK is an ellipse. 


2 2 
17. Find the common tangents to the ellipses +8 = 1 and 
pian) 


18. P is any point on the auxiliary cirele; the perpendiculars from 
F, F, on the tangent at P meet the ellipse at g, qi. Show Pq, Pa 
are tangents to the ellipse. 


19. If normals be drawn at the extremities of any focal chord of 
an ellipse, prove that a line through their intersection parallel to 
the major-axis will bisect the chord. 

20. If the perpendicular from the centre C of an ellipse on the 


tangent at any point P meet the focal distance SP, produced if 
necessary, in R prove that the locus of R will be a circle. 


148 ELEMENTARY ANALYTICAL GEOMETRY 


21. Cis the centre of an ellipse and A is an extremity of the 
major axis. CY and AZ are drawn perpendicular to the tangent at 
P. Nis the foot of the perpendicular from P on the major axis. 
Prove CA’AZ = CY’AN. 


22. A line is drawn parallel to the minor-axis of an ellipse mid- 
way between a focus and the corresponding directrix. Prove that 
the product of the perpendiculars on it from the extremities of any 
chord passing through that focus is constant. 


23. Prove that on the ellipse half of the minor-axis is a mean 
proportional between AF and FAj. 


24. In a diagram mark two points A, A; on the axis of x distant 

1 inches from the origin, and two points, B, Bi on the axis of y 

distant $ inch from the origin. Draw a line PP; making intercepts 

3x, and {2 inches on the axes. If PP; is a tangent to the ellipse 

whose axes are the lines AA; and BB, find the foci and the point 
of contact of the tangent. 


PoLE AND POLAR 


137. To find the equation of the chord of contact 
of tangents drawn from a point to the ellipse 


x? y? 
ai ees 





Pra. 


thy. ky 


Let (21, yi) be the co-ordinates of the point from 
which the tangents are drawn. Let (h, k) and (hi,ki) be 
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the co-ordinates of the points of contact of the tangents. 
The equations of the tangents at (h,k) and (Mui, ki) are 


th , yk _ 
Piel Cabneal 


eR; tie 
and ar oo = = 1. 
Since the point (2, yi) is on both of these lines 
Shy yrk _ 
ee. (1) 
th, , wk 
and = a =1. (2) 


But equations (7) and (2) are the conditions that the 
points (h, k) and (hi, ki) may lie on the straight line 


10 


whose equation is a + He = 1 which is the required 


equation of the chord of contact of the tangents drawn 
from the point (a, yi). 

Compare this equation with the equation of a tangent 
at (a1, yi). See § 111. 

The equation of the polar of P (a, y:) with respect to 


2 2 
the ellipse - ioe 1 may be deduced as in § 74 


LL 
a2 


and § 112 and is of the form of A =1 


In the ellipse, if the polar of P passes through Q, the 
polar of Q passes through P. 


This may be proved as in § 116. 
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138. To find the pole of the paar line Ax + By 
+ C = 0 with respect to the ellipse = Mee Aa e 

Let (x, y:) be the co-ordinates of the pole. 


The equation of the polar of a yi) is 
Sago (1) 


This equation must be the same as 
Ax+ By+Cc=0 (2) 


Comparing (1) and (2) 


a el 
en a gat 
A B Cc 
—A — 6 
Therefore x2, = yb a, y= oo: b*. 
Therefore-the pole is (- -. a, — =. ). 


139.—Exercises 
1. Find the polar of the following aoe 
(a) (3, 5) with respect to the ellipse aide i = 1, 
(b) (4, 8) with respect to the ellipse ~ - ok v =", 
(c) (3, 7) with respect to the ellipse 42? + 9y? = 36 
2. Find the pole of the straight line: 
(a) 2x + 3y = 1 with respect to ellipse 5 — +H —~=1. 


(b) 3x + 2y =4 with respect to ellipse bie a y? = 12. 
(c) ax +y =c with respect to ellipse 42? + 9y? = 36. 
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3. Find the pole of the line = = 4% 2 — 1 with respect to the ellipse 
x y? a 
41 55 

4, Find the pole of the line lz + my +7 = 0 with respect to the 
ellipse 427 + y? = 16. 


5. Find the pole of the normal to the ellipse z+% =] 
at the point (21, 1). 

6. Find the equation of the chord of contact of tangents to 
2? + Qy? = 25 at the point (4, 7). 

7. If the focal chord of the ellipse : + ¢ = 1 makes an angle of 
60° with the z-axis, find its pole. 


CHAPTER VI 


Tur HypreRBoLa 


140. An Hyperbola is the locus of a point which 
moves so that its distance from a fixed point, called the 
focus is in a constant ratio, which is greater than unity, 
to its distance from a fixed straight line called the 
directrix. 


To find the equation of the hyperbola. 





Let F be the focus and KR the directrix; draw Fz per- 
pendicular to KR. Divide FZ internally at A and exter- 
nally at A; 


AF 
SO that > =e or AF = €.ZA (1) 
AiF 
— > =e or AiF = €.A;Z 
and pe 1 1 (2) 


By definition A and A; are points on the locus. 
Bisect AiA at C; let A:A = 2a. 


Adding (1) and (2) 
152 
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AF + AiF = e (ZA + AiZ) 
“. 2CF = e.2a 
or CF = ae (3) 
Subtracting (7) from (2) 
AiF — AF = e (AiZ — ZA) 
* AiA = e (AiA — 2ZA) 
“. 2CA = €.2CZ 


a 
or CZ = x (4) 


Let C be taken as origin, CZ as the axis of x and CY, 
which is perpendicular to CZ, as the axis of y. Let P 
(x,y) be any point on the locus. Draw PN perpendicular 
to CZ and PM perpendicular to KR. Then CN = x, PN 


. a 
= y; the co-ordinates of F and Z are (ae,o) and (7) 


By definition of the hyperbola 
PF 


mp ° 
or PF? = e?.MP? = e?.ZN’. 
FN? + PN? = ¢?.ZN? 
But FN = CN — CF and ZN = CN — CZ ee \\e 
Af\% 
”. (CN — CF)? + PN? =e (CN — CZ)? N “Sea 
a? pe _ +(\~ 
. (x —ae’’+y? = e (--£) y - \ 
é 7 very ; 
re 3 ' 


r+ 


Whence 2? (e? — 1) — y? = a? (¢ — 1) “ of 


x? y’ ri 
7s a (e cE 1) =1. @) ¥\ 
Which is the equation of the hyperbola. Wer ¥ 
y 4 
o | , 
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Putting a? (e? — 1) = b?, equation (5) takes the form 
x2 y? 
a ote 
This is the form in which the equation is usually written. — 
Equation (3) gives the distance from the centre to the 
focus, CF = ae. 


Equation (4) gives the distance from the centre to 
the directrix, CZ = - 
a’ +O" 


The square of the eccentricity, e? = 2 is obtain- 


ed from a? (e? — 1) = 0? 


The points A and A, are called the Vertices of the 
hyperbola, C is the Centre, A\Ais the Transverse axis of 
the curve, BB; is called the Conjugate axis where B and 
B; are two points on the axis of Y such that CB = B, 
CB, = —b. Any chord through the centre is called a 
Diameter. 





141. In deducing the equation of the hyperbola 
2 2 
a — ¥ =1 the focus and directrix were placed in con- 
a b? 
venient positions in order to get the equation in the 
most suitable form from which to study the properties 
of the hyperbola. In the following examples the focus 
is taken as any point and the directrix as any straight 
line. 


To find the equation of an hyperbola whose focus, 
directrix and eccentricity are given. 


Let the focus be the point (4, 5), the directrix, the line 
2x + 3y +4 = 0 and the eccentricity cs 
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Then by definition, if (x, y) is any point on the locus, 


TY? (2 3 4)? 
(x — 4)? + (y—5)? = (7) Soaks ma 


The equation of the hyperbola whose focus is the point 
(h,k), whose directrix is the line Ar+By+C=0 and 
whose eccentricity is e 


oo (At + By + C)? 
A? + B? 


Unless otherwise stated, the ee of the hyperbola. 
y’ 


will be assumed to be of the form 5 - s = 1. pe 


is (x —h)’ + (y—k)? = 


142. To find the length of a latus rectum of the 
hyperbola. 





LFL, is a latus rectum of the hyperbola. 
2 
Substitute « = ae in the equation = —-5=1 


2 2 
Then “2 —¥ = 1 


v4 
og =e—1 
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a+b 
Pers 


1 





the length of latus rectum = pau 


143. The following example illustrates how an equa- 
tion may be transformed so as to give important features 
of the curve. 


The equation 162? — 9y? + 32x + 54y — 209 = 0 
may be written (162°+32r+16) — (9y?—54y+81) =144 


or 16 (x+ 1)? — 9 (y — 38)? = 144 
gee te 


— ee 


16 


Hence 
(1) The centre is at the point (—1, 3) 


(2) The transverse axis is parallel to the x axis. 





(3) a =3,b =4. 

(4) The vertices are (2, 3) and (—4, 3) 
iB. /9+16 5 

(6) The eccentricity, e = ./ 5 =e 


(6) The foci are at (4,3) and (—6,3) 


(7) The directrices are x = pete * 
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144.— Exercises 
1. Plot the locus of the following equations: 


x — 
Sie ea 


id ie a 
5 Pao a wate 


2. On the same piece of squared paper plot the following equa- 
tions and points: 
x y? as 
Se a Sa 
(b) (+/29, 0) 
(c) (— 29, 0) 


4 
si oad aR 

~4 
Me) = 759 


3. Find the eccentricity, the co-ordinates of the foci and length 
of the latus rectum in the following hyperbolas: 
(a) 3x2 — 4y? = 12 
- (b) 547 —y? =9 


4, Determine the lengths of axes and latus rectum, co-ordinates 
of vertices and foci and equations of directrices for the following 
hyperbolas: 

(a) 9y? —42? + 36 = 0. 
(b) rT. cat em 1. 

5. Find the equations of the following hyperbolas whose centres 

are at (0, 0) and whose transverse axes are along the z-axis. 


(a) Transverse axis = 4, conjugate axis equals one-half the 
the distance between the foci. 
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(b) Transverse axis = 6, and (6, 3) is the point on the curve. 
(c) Transverse axis = 8 and focus is at (6, 0). 

(d) Latus rectum = 3 and a = 2b. 

(e) e = 2 and distance from focus to nearest vertex = 1. 


6. Find the length of the latus rectum of the following hyperbolas: 


(b) 4x? — 16y? = 1. 


7. Find the equations of the hyperbolas determined by the follow- 
ing data: 
(a) a=4,b =3. 
(6) a = 6,e = 2. 
4 


3,e= 5 


(c) b 


8. Find the equation of the following hyperbola, deduce the co- 
ordinates of its foci, its eccentricity and the length of its latus 
rectum: centre (—1, 3) transverse axis is parallel to the z-axis and 
equal 8, conjugate axis =10. 


9. Find the equation of an hyperbola whose eccentricity is 2 and 
having one focus at the point (—1, —2) and the corresponding 
directrix y = 4. 

10. In an hyperbola whose centre is the origin and whose trans- 
verse axis is the axis of x the distance from the centre to a focus is 
18 and to the directrix is 8; find the equation of the curve. 


11. Find the equation of the hyperbola whose eccentricity is 3 
directrix 4x + 6y — 15 = 0 and focus (3, 4). 


12. Prove that the latus rectum of an hyperbola is a third pro- 
portional to the transverse and conjugate axis. — 


13. Find the point at which the straight line 252 + 12y —45 =0 
cuts the hyperbola 252? — 9y? = 225. 


THE HYPERBOLA 159 


145. The difference of the focal distances of any 
point on an hyperbola is constant and equal to 2a. 





Let P (2, y) be any point on the hyperbola, F and F, 
the foci, KR and K,R; the directrices. 
It is required to prove PF; — PF = 2a. 
PF = e-MP = e.ZN 
=e (CN — CZ) 


a 
=efx—-} =exr—a 
€ 


PF, = ¢-M,P = ¢-Z,N 
made (CN + Z,C) 


a 
=e (++) =exr+a 


Therefore PF; — PF = (ex + a) — (ex — a) 
= 2a. 
This property leads to another definition of an hyper- 
bola. 


An hyperbola is the locus of a point which moves 
so that the difference ofits distances from two fixed 
points is constant. 
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146. Mechanical method for constructing an hyper- 
bola. 


The property of an hyperbola deduced in the last 
article provides a simple method for constructing an 
hyperbola mechanically if the foci and length of the 
transverse axis are given. 





Let F and F; be the foci, 2a the transverse axis. 


Obtain an inextensible string of length J and a ruler 
whose length is greater than the transverse axis by l, 
i.e. the length of the ruler is 2a +1. Let theruler, FiQ, — 
be placed so that it can rotate about F,; fasten one end 
of the string at Q and the other end at F. 


Let the ruler F,Q rotate about F; and keep the string 
taut by a pencil at P. 


The curve traced out is an hyperbola. 

Because PF; — PF = (QF; — QP) — (J — QP) 
= 2a -+1—@p—1+aP 
= 2a 


Hence the locus of P follows the law of the hyperbola. 
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2 2 
147. To trace the form of the hyperbola - _ fi = 1 
from its equation. 





(1) If e=0,y =+b-¥V — 1, which is imaginary. 
Hence the y-axis does not cut the curve. 

(2) Ify=0,x=-+ta. Hence the curve cuts the z- 
axis at distances a, —a, from the origin. 


(3) y= +o Ve —a’. Hence x cannot be numeri- 


cally less than +a. ‘Therefore no part of the curve lies 
between « = —aand z= a. 


b d i 
(4) y= =o Vx? — a. Hence as x increases numeri- 


cally beyond +a, y also increases and when x becomes 
indefinitely great, y also becomes indefinitely great. 
Therefore the curve has infinite branches on both sides 
of the origin, both above and below the z-axis. 


Also, for a given value of x, the values of y are equal 
with opposite signs. Hence the curve is symmetrical 
with respect to the vw-axis. Similarly, since 


ecb - Vy? + & the curve is symmetrical with respect 


to the y-axis. 
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2 
(5) If the hyperbola z-% = 1 be cut by the line 


b? 
y = mz +c the abscissae of the points of intersection 
are given by the equation. 


ve (mz +c)* _ 
a Spee Tent 
Since this is a quadratic equation, x has two values. 
Therefore a straight line can cut an hyperbola in only 
two points, which are real, coincident or imaginary. 
(6) If P (x, y) be any point on the curve, 
tan PAN 


= eC TS OO i — si 


AN xz—a (x-—a)y = Goa ee BS 





Ultimately when P moves along the curve indefinitely 
close to A the value of y = 0 and x=a. 


a ata 
0 


Therefore angle PAN in the limit = 90°. 


Then tan PAN = 





= 00 


Hence the curve cuts the axis of x at right angles at 
the point A. 


From these facts it is evident that the hyperbola has 
the form given in the diagram. 


The symmetry of these relations shows that since 
there is a focus F and a directrix KR to the right of the 
origin there is also a focus F; and a directrix KiR; at the 
same distances to the left of the origin. 


148. Every chord through the centre of the hyper- 
bola is there bisected. 
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Let (a1, y1) be any point on the curve. The co-ordi- 





2 2 

nates (11, yi) will satisfy the equation = _ = =1 
a sy 

pao 
an Ve 5). \2 

also ( a ak Dh fe 1 


z.e. the point (—21, —y:) is also on the curve. 


But the points (a, y;) and (—2, —y) are on a straight 
line = — : = 0 which passes through the origin and are 
1 1 


equidistant from the origin since 
Var t ye V (=a)? + (—y1)*- 


Hence every diameter is bisected at the centre of the 
hyperbola. 


149.— Exercises 


2 2 
1. Prove that the ellipse — + . =1 and the hyperbola 


2 y? ’ 
ia 1 have the same centre and foci. 

2. Find the locus of a point which moves so that its distance 
from the origin is a mean proportional between its distances from 


the points (3, 0), (—3, 0). 


3. Find the equation of the locus of the point which moves so that 
the difference of its distances from two points (6, 0) and (—6, 0) is 
equal to 10. 


4, Find the equation of the hyperbola, referred to its axes as 
axes of co-ordinates, 
(a) whose transverse and conjugate axes are respectively 6 and 8. 


(b) whose conjugate axisis5 and the distance between whose 
foci is 13. 
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(c) whose conjugate axis is 7 and which passes through the 


point (3, —2) 
(d) The distance between whose foci is 16 and whose eccentric- 
ity is +/2. 


5. Find the equation of an hyperbola whose foci are (8, 0) and 
(—8, 0) and whose conjugate axis equals 6. 


6. If the transverse axis equals 2a find the equation of the hyper- 
bola whose axes are axes of co-ordinates and whose vertex bisects 
the distance between the centre and the focus. 


7. Prove that the straight lines ne et and = te ; — 


x 
k 


always meet on an hyperbola. 

8. A point (z, y) moves so that the difference of its distances from 
(10, 10) and (—10, —10) is always 20. Find the equation of its 
path. 


9. A point moves in such a way that its distance from (25, 0) is 
always $ of its distance from the line z = 16. Find the equation 
of the path. 


10. In an hyperbola a line from the centre to an extremity of a 
latus rectum makes an angle of 45° with the transverse axis. Find 
the eccentricity. 


11. In an hyperbola, a diameter whose length is 4 make an angle 
of 30° with the transverse axis. If the eccentricity is 1/3, find the 
equation of the hyperbola. 


2 2 
12. Prove that the point (4, 1) is on the hyperbola = = + =1 


and that the difference of its focal distances is equal to the trans- 
verse axis. 


13. If the crack of a rifle and the thud of the ball on the target 
are heard at the same instant, prove that the locus of the hearer is 
an hyperbola for which the rifle is the farther and the target the 
nearer focus. 
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TANGENTS AND NORMALS 
150. To find the equation of the tangent to the hy- 


2 
perbola - _ a =] in terms of the co-ordinates of 


the point of contact P (x1, 1). 





Let Q (x2, y2) be another point on the hyperbola. 


Then the equation of PQis Seance cay raat 1 (1) 
tT — XM Y1 — Y2 


Since P and Q are both on the hyperbola 


xy ea 
then = ae 
yo 

ne = 


Subtracting + (271 — 2) — 5 5 (y? 1— y2) = 0. 


or A (a1 — %2) (41 + a2) = 3 (yr — y2) (yr + y2) (2) 


Multiplying the terms of (2) by the equal fractions 
in (1) 
(t1 + 2) (@— 2%) _ Yity) Y-— y) (8) 
a 


a 
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If now PQ rotates about P until Q coincides with P 
then v2 = 2 and yz = y1 


and equation (3) becomes 


2a1(r— a1) — 2y. (y — yx) 
ae = 


fe ryt 
wo yy _ ty yy 
wiih ihr fe Orne 
= a = 1 is the equation of the tangent to 
the hyperbola z-¥ _ ¥ - = 1 at the point (x, y;) (4) 


Cor. 1.—The co-ordinates at the extremities of the 
transverse axis are (a, 0) and (—a, 0) respectively. 
Substituting these co-ordinates in (4) the tangents at 
these points are x = aand x = —a. 


Hence the tangents at the extremities of the trans- 
verse axis are perpendicular to that axis and are parallel 
to the conjugate axis. 

151. To find the equation of the tangent to the 

2 2 
hyperbola _ - a = 1 in terms of m, the slope of the 
tangent. 


The tangent may be represented by the line y = mz 
+c where c is yet to be found. 


To find the abscissae of the Soa where the line 


2 
y = mx +c cuts the hyperbola a—H — =, = 1, eliminate y 


b2 
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by substitution, giving 


a _ (me to)’ _ 
a? b? zm 


or 2? (b? — a?m?) —2mcxa? — a? (c? + b?) = 0 
or 2x? (ma? — 6?) + 2mcxa? + a? (c? + 0?) = 0 


If the line is a tangent, the values of x from this 
equation are equal to each other. 


The condition for equal values of z is 
mcrat = (ma? — b?) (2? + b?) a? 
ore=+VmiGoe. 
Thus the equation of the tangent is 
y = mz + Vma? — B. 
Alternative proof of the preceding proposition: 


(1) It has been shown that = _ e = 1 is the tan- 


gent at the point (x, y:). 





. Ho yy 
Comparing or ws 5 qe 
with y = mz +c 
or mz — y = —c 
é 1 —-ce 
It mw iy a tla mes 
gives — eal 
a:b 
Hence c=——~“ = cal re V mea — 0 _ 4. Vinio? — 
ta yr [22 yr 1 


op ae 


a? b? 
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. equation becomes y = mx + Wmg? — }. 


152. To find the equation of the normal to the 
2 2 
hyperbola-, — a = 1 at the point (x, y;). 


The equation of any line through the point (21, y:) is 
y— y= m (x — %) (1) 


If this be the normal at (a1, y:) it is perpendicular to 
the tangent 


22 ae |) 


a? b 


The condition for perpendicularity is 
1, Yi 
m- a 8 Be = 0. 


a? 
orm = —2 = 
b Ty 


Substituting this value of m in (1) thus making (1) 
the normal, the equation is 


yi @ 
y-m= — 7.5 (em) 


b2 a2 
ory yi) = 7, — mH) 


a b2 : 
rea ae 3 = 62. 
or > x pee a’ + 


This equation is frequently written in the form 


aT Sn pe eae 
Hil Y1 
a b? 
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153.—Exercises 


1. Write the equations of the tangent and normal to each of the 
following hyperbolas at the point indicated: 


ages 
(a) eas wags 1 at point 4, 3+/3. 
V/3. 
b) 2a? — 4y? = 12 t point 3, — 
(b) 2a? — 4y stpoints; <2 
(c) 42? —6y? =1 at point —2, vie 


2 
2. Find equation of tangents to hyperbola > = e = 1. 


making (/) angle of 30° with z-axis. 
(2) angle of 45° with z-axis. 
3. Find the equations of tangents to the hyperbola 3x? — 4y? =12 
at the points whose ordinates are + 4. 


4, Find the equations of the tangent and normal to the following 
hyperbolas at the points indicated: 
(a) 4x2 — y? = 6, abscissae = 2, ordinate negative. 
(b) 6a2 — 5y? = 20 at positive extremity of latus rectum. 
5. Find the ag of m that the line y = mz may be a tangent 


to the hyperbola = — ee ae 


6. For what values of m will the line y = mz be a tangent to the 
hyperbola 42? — 9y? = 1. 


7. Find the relation holding between A and B if Az + By = 0 is 
a tangent to the hyperbola 2x? — 5y? = 10. 


2 
8. Find the equation of the normal to the hyperbola c - e =1 
at the point 4, 34/2. 
9. Find the equations of the normals to the hyperbola 4x? — 9y? 
= 12 drawn at the extremities of the latus rectum. 


10. Find the points of intersection of the line 2x + 8y =7 and 
the hyperbola 2x? — 3y? = 5. 
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11. Find the equations of the normals to the hyperbola 2z? —3y? 
= 5 at the points of intersection of the line 2x + 3y =7 and the 
hyperbola. 

12. Find the equations of the tangents to the hyperbola x? — 4y? 
= 36 perpendicular to 6z — 4y +9 =0. 

13. Find the angle between the tangents drawn at the extremi- 
ties of a latus rectum of the hyperbola 9x? — 16y? = 144. 


154. At any point on the hyperbola the tangent 
bisects the angle between the focal distances. 





Let P (1, y:) be any point on the hyperbola; PT the 
tangent; PF, PF; the focal distances. 


Itis required to prove angles FPT, F\PT are equal. 


Equation of tangent PT is aaa ee LE (1) 


a’ b 
At the point T, x = CT, y = 0. 
Substituting these values in (1) 
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‘ a .a 
* FiT = ae+— = —(er+ a) 
Ty Ty 


deg 3 
and TF = ae — — = — (ex,—a) 
TV 1 


FiT exm+a 
Hence rene oa 
But FP = ex, + a and FP = ex; —a. 
Bet RiP 
TF FP 


Hence PT bisects the angle FiPF. 

Cor.—This proposition provides a short method for 
drawing a tangent to the hyperbola at any point P. 

Having constructed the hyperbola, join the foci, F and 
F; to the point P; then bisect the angle F,PF by PT. 
The line PT is the tangent at P. 


155. In the hyperbola the locus of the foot of the 
perpendicular dropped from either focus on the tan- 
gent is a circle on the transverse axis as diameter. 





R 


Let PR be a tangent at any point P, FQ, FiQ: perpen- 
diculars from the foci on PR. 


Let equation of PR be 


y= mz + Vmia — 6? (1) 
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The line FQ through the focus (ae, 0) and perpendicu- 


lar to PR is y= ~=(e — ae) (2) 
From (1) y— me = Vie — v (3) 
From (2) my + x = ae= /?+ B. (4) 


If we eliminate m from (3) and (4) the resulting 
equation is the locus of the foot of perpendiculars from 
the focus (ae, 0) on any tangent to the hyperbola. 

Squaring (3), y? — 2m xy + m’x? = ma? — B. 

Squaring (4), m’y2+ 2may +2 =a + 0. 

Adding y? (1 + m?) + 2? (1+ m’) = @ (1+ m’). 

or 22 + y? = a which is the equation of a circle 
on the transverse axis as diameter. 

The same equation is obtained if the line F,Q: through 
the focus (—ae, 0) is considered. 


This circle is called the Auxiliary Circle of the 
hyperbola. 


156. In the hyperbola the locus of the intersection 
of tangents at right angles to each other is the circle 
ety? = gg’ — DB. 

f 


The line whose equation is 
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y=me+vVm a — (1) 
is a tangent to the hyperbola for all values of m. 


This equation gives us the directions of the tangents 
which pass through the point (2, y). 


Rationalizing (1) it becomes 

m? (x2 — a?) — 2mzy +yr +B =0. (2) 
Let m and mz be the roots of (2) 
If the tangents are at right angles, mym2. = —1. 


The pa of the roots of (2) i is y" 2 pee 
—a 





Therefore 4 2 a me —1 


or+y=a—-—b 
which is the equation of a circle. 
Therefore the required locusis a circle. 


This circle is called the Director Circle of the hyper- 
bola. 


EQUILATERAL OR RECTANGULAR HYPERBOLA 
157.—An equilateral or rectangular hyperbola 


is one in which the lengths of the transverse and 
conjugate axes are equal. 


x 
In = ‘tihes cs = 1, let b =a, then the equation of the 


equilateral hyperbola becomes x? — y” = a’. 
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The eccentricity of the equilateral hyperbola is /2 





2 2 
for 2 = = ee 
a 
2a? 
aa 
. e=vV/2 


158.—Exercises 


1. Find the equation of an equilateral hyperbola which passes 
through (3, —1) and has its axes on the co-ordinate axes. 


2. Show (a) that P (6, 24/3) is on the hyperbola 427 — 9y? = 36. 
(b) Find the equation of tangent at point P. 


(c) Find the equation of line bisecting the external an- 
gles between the lines joining P to the foci. 


3. PT is a tangent to the hyperbola 42? — y? = 13 at the point 
(2,/3). Find the angle between PT and PF if F is the focus and T 
is the point where the tangent meets the z-axis. 


4. In an equilateral hyperbola prove the angle subtended by any 
chord at the centre is the supplement of the angle between the 
tangents at the ends of the chord. 


5. In and equilateral hyperbola, show that if the normal at P 
meet the axes in G and g then PG = Pg = PC. 


6. P is any point on a hyperbola whose vertex is V and centre C. 
The tangent at P meets CV at M and the tangent at V meets CP 
at S. Prove MS and VP are parallel. 


7. Perpendiculars are dropped from the foci of the hyperbola 


2 2 
z ~ - = 1 toa tangent at any point on the hyperbola. 
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Find (1) the length of each perpendicular. 
(2) their product. 


8. Fird the locus of the feet perpendiculars dropped from the 
foci on any tangent to the hyperbola 3z? — y? = 10. 


9. A series of tangents are drawn to the hyperbola x? — 4y? = 12. 
Find the locus of the intersection of the tangents that are at right 
angles and show that it is a circle whose centre is the centre of the 


hyperbola. 


10. Find the equation of the director-circle of the hyperbola 
4x? — Oy? = 12. 


11. Find the equations of the tangents to the director-circle of 
hs Ne : 
the hyperbola ed Bom 1 which are 
(1) parallel to x-axis. 
(2) perpendicular to x-axis. 


12. Find the equation of the chord of the hyperbola z? — 2y? = 4 
through (3, 1) which is bisected by the diameter 2y = z. 


13. Find the equation of the chord of the hyperbola 252? — 16y? 
= 400 which is bisected at point (5, 3). 


14. Find the equation of the common tangent to the two hyper- 
bolas: 


Pe aS ne 
y? x 
ai pi} 
2 2 
15. If two tangents be drawn to the hyperbola = _ 5G = 1 from 


any point show that they are in the same ratio as the corresponding 
normals. 
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PoLE AND POLAR 


159. To find the equation of the chord of contact 
of tangents drawn from an outside point to the 


2 2 
hyperbola, _ ii =1. 





Let (a, y:) be the co-ordinates of the point from 
which the tangents are drawn. Let (h, k) and (hi, ki) 
be the co-ordinates of the points of contact of the 


tangents. 
The equations of the tangents at (h, k) and (Ai, ki) are 


and = — Uo = 


Since the point (x, y:) is on both of these lines 


a ah yik Aes (1) 


thy yaly _ 4 (2) 


POLE AND POLAR Liz 


But equations (7) and (2) are the conditions that the 
points (h, k) and (Ai, ki) may be on the straight line 
whose equation is 

Te Wy _ 

i ae ae : 
which is the required equation of the chord of contact 
of the tangents drawn from the point (a, y1) 





Compare this equation with the equation of the tan- 
gent at (x, yi). See § 111. 


The equation of ie polar of P (a, y1) with respect to 


2 
the hyperbola= — ¢ —5,=1 may be deduced as in § 74 


ag 
and § 112 and is of the form = eee = 
In the hyperbola if the polar of P passes through Q, 
the polar of Q passes through P. 


This may be proved as in § 115. 


Cor.—If the point Q moves along the polar of P, the 
polar of Q changes its position but always passes through 
P. 


Therefore if the pole moves along a straight line, its 
polar turns about the pole of that line. 


160. To find the pole of the straight line Ax + By+ 


2 
C = 0 with respect to the hyperbola _ ci = 


b2 
Let (1, y:) be the co-ordinates of the pole. The 
equation of the polar of (a, y:) is 


LL YYi ah (1) 


a? b? 
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This equation must be the same as 


Ax + By +c=0 (2) 
Comparing (1) and (2) 
1 =m) 
cepa Ma 
A Bi eG 
—A 
maa a Ee 


. Pe became 
4. The pole is ( Piadys ). 


161.—Exercises 


1. Find the polar of the point 
Ue cas 


2 
(a) (3, 5) with respect to the hyperbola ~ sae 


(b) (1, 6) with respect to the hyperbola = a io = ] 
(c) (2, 5) with respect to the hyperbola 42? — 9y? = 36. 
2. Find the pole of the straight line 
(a) 2x + 3y = —5 with respect to z _ e = 


(b) 32 + y = 6 with respect to 2a? — 3y? = 12 
(c) ax + y = c with respect to 4x? — 9y? = 36. 


1 


3. Find the pole of the line < + ; = 1 with respect to the hyper- 


2 2 
bolay — % =|. 


25 
4. Find the pole of the line 1z + my + n = 0 with respect to the 
2 2 
hyperbola - _ a =1 


2 2 
5. Find the pole of the normal to the hyperbola “5 - 5 =1 at 
the point (x1, 1). 
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6. Find the equation of the chord of contact of tangents to 
4x2 — 9y? = 20 from the point (1, 6). 


7. If a focal chord of the hyperbola s a - = 1 makes an angle 


of 45° with z-axis, find its pole. 


2 2 
8. Tangents are drawn to the hyperbola 5 — - =1 from any 


point on one of the directrices. Prove that the line drawn through 
the points of tangency passes through the corresponding focus. 


9. An ellipse and an hyperbola have the same principal axes. 
Show that the polar of any point on either curve with respect to the 
other touches the first curve. 


10. In an hyperbola show that the polar of any point is parallel 
to the chord which is bisected at that point. 


11. If Q and P be any two points; and C the centre of the 


2 2 
hyperbola 5 _ a = 1; show that the perpendiculars from Q and 


C on the polar of P with respect to the hyperbola are to one an- 
other in the same ratio as the perpendiculars from P and C on the 
polar of Q. 


ASYMPTOTES 


162. An Asymptote to any conic is the limiting posi- 
tion of the tangent as the point of contact moves off to 
an infinite distance, the tangent itself remaining at a 

finite distance from the origin. 


163. To find the asymptotes of the hyperbola. 


2 2 
The tangent to the hyperbola = — + =1 at (m, y:) 


. 22 
fees hee 


a b? 
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ty ob 
A ae (1) 
If the point (x, y:) moves off to an infinite distance, 
1 1 
then rape ie 0. (2) 
2 2 
Also, since 7 _ = = 1. 
ey ee ee 
X yr ~ 6&2 tr ye 
2 
= ms when yi = © 


b 
(3) 


Hence ultimately i 
Yi b 


Substituting from (2) and (8) in (1), the equation of 
the tangent when (m, y:) is infinitely distant becomes 


ey 
mae 
or7 +7 0. (4) 
which represents two straight lines through the origin. 


*, The asymptotes of the hyperbola are < +¢ = 0. 


From (4) y = on, 


Hence the asymptotes are two straight lines through 
the origin equally inclined to the axis of 2. 
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The asymptotes are frequently written, 
BUN f Se BY os at ee 
(es) C ‘) pear: Be 


164. Geometrical construction for the asymptotes. 





Let AiA be the transverse axis of the hyperbola 


2 2 
=, ~ 3 = 1. Along the conjugate axis measure of CB 


and CB; each equal to b. Through B and B, draw lines 
parallel to the transverse axis and through A and A; 
draw lines parallel to the conjugate axis. Let these 
meet respectively in K;, Ke, K3, Kg as in the figure. Join 
K, Ks, Ke Ky and produce both ways. Evidently they 
pass through the origin and satisfy the equations: 


LO ME big ae 
Ya ee re 


Hence they are asymptotes. 


In the equilateral or rectangular hyperbola a = b and 
the asymptotes become y=xand y = —2. 

These make angles of 45° with the transverse axis and 
are at right angles to each other. 
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166.—Exercises 


1. Find the equations of the asymptotes to the hyperbola 92? — y? 
= 36. 

2. Find the equation of the asymptotes to the hyperbola 
4x? — Oy? = 1. 


3. Find the equations of the asymptotes to the hyperbola 9z? — 
16y? = 144 and the tangent of the angle between them. 


4. In the hyperbola 42? — 3y? = 12, 

Find (a) the transverse axis. 
(b) the conjugate axis. 
(c) the co-ordinates of the centre. 
(d) the eccentricity. 
(e) the co-ordinates of the foci. 
(f) the co-ordinates of the vertices. 
(g) the equations of the directrices. 
(h) the equation of the asymptotes. 


5. Find the angle between the asymptotes to the hyperbola 
4x? — 4? = 16. 

6. Find the equation of the hyperbola whose centre is the origin 
and whose foci are on the x axis if e = 3, a = 5. 


7. Prove that the distance from an asymptote to a focus is equal 
to the semi-conjugate axis. 


8. Find the equation of an hyperbola the vertices of which are 
half-way between the centre and the foci, the centre being the origin 
and the transverse axis lying on OX. 


9. Find the equation of the hyperbola which has the lines y = + 
$x for its asymptotes and the points +2, 0 for its foci. 


10. Find the equation of the hyperbola which has the asymptotes 
y = + #2 and passes through the point (2, 1) 


11. Show that the focal distance of any point on the hyperbola 
is equal to the length of the straight line drawn through the point 
parallel to an asymptote to meet the corresponding directrix. 


12. Prove that the distance of any point on the rectangular hy- 
perbola z? — y? = a? from the centre is at mean proportional to its 
distances from the foci. 
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Cd 
13. P is any point on the hyperbola ~ —_ ¥ = 1. PN is drawn 


perpendicular to the transverse axis and the tangent at P cuts the 
transverse axis at T. Prove CA is a mean proportional between 


CN and CT. 


14. Prove that the product of the distances of any point on an 
hyperbola from its asymptotes is constant. 


15. Find the length of that part of an asymptote intercepted be- 
tween the directrices. 


16. If a straight line drawn through the focus S$ of a hyperbola 
parallel to an asymptote meet the curve in P, prove that SP is one 
quarter of the latus rectum. 

17. P is any point on the hyperbola = = i =1. Through P a 
straight line is drawn parallel to the eae axis and cutting the 
asymptotes. Prove the product of the distances of P from these 
points of intersection is equal to a?. 


18. A, A: are the vertices of a rectangular hyperbola, P is any 
point on the curve; show that the internal and external bisectors of 
the angle APA; are parallel to the asymptotes. 


19. Prove that an asymptote and the perpendicular from the 
focus upon it meet on the corresponding directrix. 


20. Find the equation of the following hyperbolas whose centres 
are at (c, 0) and whose transverse axis are along the y-axis. 
(a) Latus rectum =3 and one vertex is at (o, 2). 
(b) Conjugate axis = 8 and (4, 6) is a point on the curve. 
(c) e = 2 and equation of the directrix is y = 3. 
(d) One focus at (0, 6) and the equation of the corresponding 
directrix is y = 25. 


21. The distance of any point from the centre of a rectangular 

hyperbola varies inversely as the perpendicular distance of its polar 
from the centre. 
v =1. 
PG is the normal meeting the axis in G; if NP be produced to meet 
the asymptote in Q, prove that QG is at right angles to the 
asymptote. 


2 
22. PN is the ordinate of a point P on the hyperbola 3% - 
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167.—Miscellaneous Exercises 


1. Deduce the equation of the conics determined by the following 
data; the axes of curve being the axes of the co-ordinates. 


(a) e = 1, distance from focus to directrix = 1. 
(b) e = 2, distance from focus to directrix = 5 
(c) e = 3, distance from focus to directrix = 5. 


2. Deduce the equation of the parabola whose vertex is at the 
origin and focus is (0, —4). 


3. Deduce the equation of the ellipse with centre at origin, one 
focus at (0, 3) and e = 3. 


4, Deduce the equation of the hyperbola with centre at origin, 


a=2,e=4 and whose transverse axis is the y-axis. 


5. Deduce the equation of the hyperbola whose eccentricity is 2, 
directrix 3x + 4y = 12 and focus (3, 2). 


6. The base of a triangle is fixed in length and position. 
Find the locus of the opposite vertex if 


(a) the sum of the base angles is constant. 
(b) the sum of the other sides is constant. 
(c) the difference of the other sides is constant. 


7. A tangent to the parabola y* = 8¢ makes an angle of 45° with 
the straight line y = 8x + 5. Find its equation and its point of 
contact. 


8. Prove that the straight line y = « + / Ae touches the ellipse 
32? + 4y?= 1. 


9. Deduce the equation of parabola with vertex at (—2, 4), a=4 
the axis being parallel to x-axis, the curve lying on the positive side 
of the vertex. 


10. The ordinate of the point of intersection of two tangents to 
the parabola y? = 4az is one half the sum of the ordinates of the 
points of contact of the tangents. 


11. Find the co-ordinates of the points of contact of the tangents 
to the ellipse 4x? + 3y? = 5 which are inclined at 60° to the axis of z. 


12. Find the equation of a straight line which touches the curves 
x? -+ y? = 2a? and y? = 8az. 
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13. Deduce the equation of the parabola whose focus is at (2, 4) 
and directrix is z+ y = 1. 
14. Deduce the equation of an ellipse with focus at (—2, 2), 
eccentricity = } and directrix 3x — 2y + 4 = 0. 
15. Deduce the equation of an hyperbola with focus at (—1, —2) 
eccentricity = $ and directrix 4z — y = 0. 
16. Find the co-ordinates of the vertex and length of the latus 
rectum of the following conics: 
(a) y? = 54 + 10. 
(b) 3x? + 127 — 8y = 0. 
17. Find the co-ordinates of the focus and length of latus rectum 
of the following conics: 
(a) 32? + 4y? = 12. 
(b) x? + 9y? = 16. 
18. Find equations of directrices and asymptotes of the following 
conics: 


(a) ry ~~ 16 = 1. 
(b) 92? — 36y? = 1. 
(c) yw — 42? =1. 


19. Write the equations of the tangent and normal to 2? +y? = 
25 at point (3, —4). 

20. Write the equations of the tangent and normal to y? = 8zat 
point (2, 4). 

21. Write the equations of the tangent and normal to 9x? + 4y? 
= 25 at point (1, 2). 


22. Write the equations of the tangent and normal to 2? —y? = 
16 at point (—5, 3). 
23. An ellipse and an hyperbola have the vertices of each at the 


foci of the other. If the equation of the ellipse is z + v - 1. Find 


that of the hyperbola. 
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24. For each of the conics below find the equation of the tangents 
making an angle of 60° with the z-axis. 
(a) 22+ y? = 36. 
(b) y? = 162. 


2 2 
@F+Pa1. 
(d) 4x? — 9y? = 72. 


25. If perpendiculars be let fall on any tangent to the parabola 
y? — 4ax from two given points on the axis equidistant from the 
focus, the difference of their squares will be constant. 


26. Find the equations of the polars of the point (6, 4) with re- 
spect to the following conics: 
(a) x? + y? = 32. 
(b) y? = 8a. 
(c) 4x? + y? = 48. 
(d) 422 — y? = 64. 


27. Find the pole of 3x + 4y = 4 with respect to the following 
conics: 
(a) 22+ y? = 36. 
(b) y? = 3x4 
(c) 62? + 8y? = 16. 
(d) 152? — 3y? = 9. 


28. If the vertices of an hyperbola lie two-thirds of the distances 
from the centre to the foci, find the angles between the transverse 
axis and the asymptotes. 


29. If FQ be the perpendicular from the focus of the parabola 
y? = 4az on the normal at P, then FQ? = AN'PF if N is the foot of 
ordinate of P. 


30. The tangent at P on an ellipse cuts the axis major in T. The 
normal at P cuts the axis major in G. Find the position of P that 
PT and PG may be equal. 


31. Find the equation of the chord of contact of the point indi- 
cated for the following conics: 
(a) x? + y? = 25 at point (4, 7). 
(b) y? = 62 at point (2, 7). 
(c) 4x? + 6y? = 50 at point (3, 8). 
(d) 2x? — 5y? = 40 at point (1, 4). 


188 ELEMENTARY ANALYTICAL GEOMETRY 


32. In the equilateral hyperbola if PG the normal at P, meet fie 
transverse axis in G then PCG is an isosceles triangle. _ 

33. Find the equations of the tangents to x? + y? = 25 which are 
parallel to 3x + 4y = 8. 


34, Find the pee of the tangent to y? = 82 which is perpen- 
dicular to 32 + 4y = 


35. Find the equations of the tangents to 42? + 9y? = 25 which 
are parallel to x + 2y —7 =0. 


36. Find the equations of the tangents to 42? — 9y? = 25 which 
are perpendicular to 2x — 3y = 5. 


37. Find the equation of the normal to 82? + 9y? = 72 which 
makes an angle of 45° with the z-axis. 


2 2 
38. Find the equations of the tangents to the ellipse = = + 5 =] 


which are parallel to the line through the positive pee of the 
axes, 


39. Find the equation of the chord of the hyperbola a? — 2y? = 4 
through (3, 1) which is bisected by the diameter 2y = 2. 


40. Find the eccentricity of an ellipse if the normal at one ex- 
tremity of the latus rectum passes through the opposite end of the 
minor axis. 


2 2 
41. Find the equation of the chord of the ellipse aa = 1 which 
passes through the point (2, 1) and is bisected at that point. 


42 Prove that an hyperbola and an ellipse having the same foci 
cut each other at right angles. 
43. If QVQ; be a double ordinate of the diameter CP of the ellipse 


a +2 =1, andif the tangent at Q meet CP in T then CV'CT = 
CP*. 


44. A straight line has its extremities on two fixed straight lines 
and cuts off from them a triangle of constant area; find the locus of 
the middle point of the line. 


45. If normals be drawn at the extremities of any focal chord of 
an ellipse, a line through their intersection parallel to the major 
axis will bisect the focal chord. 
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46. A, A; are the vertices of a rectangular hyperbola, and P is any 
point on the curve; show that the internal and external bisectors of 
the angle APA, are parallel to the asymptotes. 


47. If a straight line cut an hyperbola in Q, Q; and its asymp- 
totes in R, R; show that the middle point of QQ, will be the middle 
point of RR. 


2 


2 
48. The circle x? + y? = 64 intersects the hyperbola r _ - = | 


in four points; prove that the product of the distances of the four 
points of intersection from one asymptote is equal to the product 
of their distances from the other. 


49. By means of ruler, compass, etc. construct: 
(a) Parabola 
(b) Ellipse 
(c) Hyperbola 


50. By means of ruler, compass, etc. plot on square paper the 
following conics and draw a tangent to each at the point indicated: 
(a) 2? + y? = 25 at point (3, 4). 

(b) y? = 8zat point (2, 4). 
(c) 4x? + y? = 17 at point (2, 1). 
(d) 42? — 3y? = 13 at point (2, 1). 





ANSWERS 


§6. (Page 5.) 
- 0, 0), (2a, 0), (a, a3). 5. (0, 0), (b, 0), (b, b), (0, 6). 
§ 16. (Page 11.) 
IS -Oe eat 12. 4/65. 
. 10, 17, 9. bs 13. 3 or -13. 
. (a) 7/58, 7/82, 10; 14. 4%-—10y+29=0. 
(b) 41/234, 3/5, 47/306. 15. (298, 221); 3°7 nearly. 
82, 21/10, 7/85, 7/29; 15 (7, 2) (- 7H, AY). 
772, 137. 20, (teri, Uiwth\ 
. (0, 0)—the origin. 21, (a As ~ 
8 1: F ? , 
| GD and (%, §). 22, (—18, 14). 
. Va'+b3, 
§19. (Page 16.) 
36°5. 8. 36 miles, 
. 25°b. ; O.. 3% & 
§ 22. (Page 21.) 
. y=5a. 6. 2a+y+5=0. 
. (a) The axis of x; (b) The 7. x+y" — 8x -6y=0. 
axis of y. 8. 2’?+y?—2e4+4y=31, 
x= 4, 10. x«-2y+3=0. 
. 3e—B5y=17. 
§ 24. (Page 23.) 
- (a) (2, 7); (©) @, 2); (© _ 3. (0, 0) and (6, 0). 
(2, —3); (d) (8, -—6) and 4, 254, 
(—8, 6); (ce) (6, 12) and «5. Ya+4y—20, 2 
(= 380, #9) 6. at ty2a9, 
. (0, 9) and (- 15, 0). 
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i) 


= 


Con om oro 


10. 


Ngee 


IO oar 


13=0; (c) 8e+1ly +34 


ANSWERS — 
§ 27. (Page 27.) 
8. Sides, «+9y+14=0; ba+ 
+) 5 at OF; 4 +3 3y+28=0, 2x -3y-14 
1; y er 
“15 © 3 5 Tog) Medians, x-5y=14, « +2y 
- (a) x—3y=0; (b) 9a - Qy+ =—7, 3a-y=0; 


Centroid (—1, —8). 





mG 9. Sides, 2a-5y=—-24, 3a+ 
Intercepts :—(a) 0, 0; (b) ay = 2, @- yond, So tay 
—48, 13; (c) — 34, ere = 33 ; 
C 5 esi Ls Diagonals, 8a-—y=18, «+ 
5 128). rig 
. i 4), 
. Ratio of equality. 10. (-6, —7), (5, -2), (-3, 4). 
§ 40. (Page 38.) 

- (@) e=//3y;(b) y+a/3=0; 8. (a) C=0; (b) A=0; (c)B 
(c) 5a —7y+35=0; (d) 3y =0; (d) A=B; (e) A+B 
+4x+9=0; (e) x-y=1. = 

; (a) 9, -4, — 42); (b) (, 0). 9. m=1. 

(3, 3h). ethene A di 
1l. a=8, b= —4, 

- x+y+1=0. 

58 ~ 13. Interce peels, 

. oo V 58; tan —1 %. = Pp B 

§ 44. (Page 42.) 

. (a) 45°; (b) 30°; (c) 90°; 11. (*, oul 
(d) re =Ag, c 

. 9x+4y4+47=0. 12, 12:5. 

. 2e+3y=14, 14. (17y3 — 16)x + 47y = 344 

. Ta+5y=4. +34)/8 ; and (17)/3+ 16) 

. 5x -3y+8=0. x —A7y=34,/3 — 344, 

-e-yt2=Oandet+y- 45, 6x+y+8=0: and « — 6y 
B=0. 1: 

i x — /3y=3/3-5 and «+ 17 s, areca). 

V 3y= -3/3-5. 
(2}, —43). 18. ch - Ay+pYA?+B?=0, 
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§ 57. 


es 
ha 


1. (a) = Es Owe tc} = 


12. 


13. 
14. 
15. 
17; 


19. 
20. 


21. 


wh 


(d) a (e) at 
12. 

C2 C1 
(—24, 55). 
Sr + by = 15. 
z—y=09. 
275 


: gic) (az —by) + b(me— 


mc;) +a(ci—c) = 9. 


. abc—af?—bg? —ch? + 2fgh =0. 
.(b—ma—a) (y-ma— c)= 


(b—ma—c) (y-—max— reve 
“0. 





/2. 
+2+/130—-11 
a 
xz +2ly=6 and 189%—9y= 


692. 
3a-+-y =2 and x —3y = 24. 


(24%, $38). 


3382+6ly = = 216. 


(7/3 +11). 
Lara ae 


§ 58. 


(a) W145; 


(b) rag + 16ab + 13%; 
(c) a+ 


. PG, 2D; Q (174, 163). 


3ab. 


25. 
26. 


27. 


28. 


29. 


30. 
32. 
33. 
34. 
35. 


or oo boo = 


(Page 


I Oo 
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(Page 55.) 
22. 
24. 


$-/2. 

ab (c — d) 

Vere 

152 + 14y = 100. 

ng one and 7x + 13y= 


(24+134/3) 24+23y+52/3 
4257 =Oand(24—13-/3)a 
423y —520/3+ 257 =0. 

5a — 12y + 56=0 and 52 — 
12y — 74 =0. 

6c + y = 31,2 —y +3=0; 
phe iti 
/37 V2 

(5t3, 3y°5)- 

122 — 5y = 26, y = 2. 

Ar+By +p VA'+B? = 0. 

Bz — Ay + Ak — Bh=0. 


(a) (3%, —x%r)5 (0) (4 
~ Hh). 
(b) 
. 202 — 1iry + 12y*. 
.2@tay=0. 
. (—$, 9; 2@ + y) = 19. 


(A V3 +B) 2+ (BV3—A) 
y +2C =0. 


. Q2xy + a? = 

. O22 — 25y? = 0. 

. tan -} $; 32% + 2y? = 10. 

60.) 

413, 

. 103. 

5 a (Ya — ys) + ta (ys — tn) 
x3 (Yi — Ye = 0. 

.8e+7y =5. 
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9. 
10. 
13. 
14. 
15. 


16. 
17. 


18. 


20. 
21. 
23. 
25. 
26. 


27. 


29. 


30. 
31. 


32. 


33. 


aAPRwhye 


ANSWERS 
2ax + 2by =c+d. 35. x + 6y=39 and 6e—y=12. 
z=ytanat+b. 38. 22 + 38y +11 = 0. 


xcosa+y sina =a. 
tan -1 128. 
m= lp — 41. 


t+yV3+2 (V3 — 1)=0. 


mh—k+b , 
erage ens 
x 
e+e ni 4h. 
ba + ay = ad. 


(—2, —8) and (—6, —14). 
a = 6or —4; (4, 3), (, =). 
45°. 
652 —65y + 14a + 3b =0. 
b (am+c) x +(bd—ab + adm 
+ ac)y—bd(am+c) = 
ab 


a+4y+1=0. 
z+7y+6=0. 


(Orr, 5484); (—3r, $2)5 
(26y%, 4y%%); (0, 57). 


(44%, 


to). 


§ 64. 
v+y = 5. 


. («= 6)? + (y — 2)? =9. 
(@ +5)? + (y+) = 


a? + b? = ¢?, 


- (a) (3, 1), 5; (6) (-4, —8), 


igen! 5 (c) (7,0), 7 
(0, as Vb? +c?. 


2+ y? —2— Ty =0. 


(d) 


.2+y? — 32 =19. 
i ig 
12. 


(a)f =0; () 9 =0. 
att y? — 4x + 4y = 2. 


39. 


40. 
41. 


42. 


43. 
45. 
46. 
47. 


48. 
49. 


50. 
51. 
52. 


53. 
55. 
56. 


16. 
Lf. 
21. 


22. 
23. 


24. 
25. 


165¢+605y+3114=0; 3322 
—747y + 3466 = 0; 497z 
—142y — 2178 =0. 

(3, 8). 

(a) (ah—ef)x+(bh—cg)y =0; 

(b) (ag— soe yen y)+ce(f+g9) 


52—14y =6 and ue + 55y 
9. 


492 — 245y = 242. 

x+y =10. 

z—y=10, or y—z=10. 

7x +5y +50 =0, and 92+ 35y 
+150 = 0. 

xz — 4y =11. 

2 (a—h)x+2(b—k)y =a? +b? 
—h2— 2. 

2e +y+15 =0. 

45°. 

10x + 4y + 11=0, and 4x— 
10y—33=0. 

(11,1), (—1,—5), or (—5, 7). 


_ 66 
3T- 


24. 


(Page 69.) 
‘Bt 
iP 


v’+t+y — 4c + by = 16. 
47 (x?+y?) — 1812 + 34ly— 
1996 = 0. 


10. 

14 1/2. 

22 — 5y = 15. 

123. 

14(¢+y) =17. 

c=c. 

(h-+k) (a?-+y2) — (M81?) (2+ 
y) =0. 
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ANSWERS 
§ 70. (Page 77.) 
1. 32 + 5y = 34. 21+3V119 
moe 11. e—3y=3; (————"’ 
2. y= at V70- ited 10 
3. (a)Ac + By=trVA?+B; —3 pia 319) 
(b) Be — Ay = sec’ Y- 
+rvVA? + B*. 12. (A? + BY) (2? + y*?) = C*. \ 
4, (2, 433 13. 34 (2?+y?) —4762 — 136y + 
5. a2b? = 1? (a?-+62). 1753 = 0. 
Gc Ge. 14.2—~V3y +10 =0. 
7. w+y2?—2(7420/5)(e+y)+ 15. 83—4y+11=0; 12x + 5y= 
69 + 28 V5 = 0. 96; gx + fy = 0. 
8. 4~/ 3. 17. c? =r? (A?+ B?). 
§ 81. (Page 85.) 
1. (a) 3% + 5y=30; (b) ax=7"; 3. (c) Ba—4y + 25=0; (e) 9x 


ry 


oR ON 


(a) = =4—; 


(c) 42+17= 0: (d) 102 — 
a bap (e) ha--ky = ‘alee 


- (a) (2, a (b) (24, *8); 


(c) (—85, 11); @) , 0). 


§ 83. 


. (a) 6; (b) 5; (c) 8; (d) Ve. 
. ety? — 102 — 4y = 7. 
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. 82 + 4y = 25. 
. 2a — 1ly + 329 = 0. 


113. 
29. 


mae Se 
-7+5=2 


Zak WIE, Oe 
1 2 Yi—-Y2 
2) & —h)+(y:—y2) (y—k) 


nha 


283 
I1b) 


—+). 


+- 13y = 25; (f) 13%.— Sy 
=0; ‘ 24%—Ty = 125. 


4. (2 §) ci 


(Page 87.) 


3. 22 +4? — 164+ 51 =0 
4, 4¢+3y =25 and 32 —4y =25 


(Page 87.) 


Lo vie 

12. 22+ y? = 12. 

13. (a+c, b+ d). 

15. 22+ y? — 6c — 3y = 0. 
16. 8¢ —y = 3k &k V/10. 
17. 337, ite ° 

18. 2? + y? = he. 

19. 2? + y? — ax — by = 0. 
20. 22+ y? —gx —fy = 0. 
21. HW t5 . 


22. OL . y?) —25a + 75y + 71 
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23. 10 or #. 27. a Re 5a as a) —2k(y—b) 
24. (a) (7, 1); (6) AD = DB. 
26. 33. 28. eee 
EXERCISE 92. (Page 97). 
2. (—a, 0), 4a; (0, —a), 4a; 13. (ce —2)? + (y—3)? = 
(ee, 0), re- (@+y— ae _ 3)2 
3. y? = 4a (x — a). 2 Sr er 
4. x? = 4ay. (y—5)?= (242+7y+18)? 
5. y? = 4a (x +a). 625 
6. (5a, 2a+/5). oe —2a+/5). (cx — 3)? + (y+ 3)? = 
, 2 _ 2a (5a + 12y — 13)? 
7. (a, 2a) (5 **). we 
8. (4, 3) (4, 4). (27 —c)? + (y—d)? = 
9.a= —2. (ka + ly +m)? 
10. 8a /3. k2 + 12 
11. 6/5. 14. (0, 0); 3a + 4y +5 =0. 
12. 2? + y* = Baz. (2, 3); 5a +12y+7 =0. 
Exercise 95. (Page 102). 
1. (0,0); (2,0); y=0; +2 G2); (8); 2— % =0; 
= 0. y = 3. 
(2,1); (3,D;y=1;7=1. 2. 2y2-12y+92 =0. 
(— 44, 3); 4, 3);y-—3=0; 3. 1222+ 3862+y+25 =0. 
8x + 27 = 0. 4, y? — 4y — 82 + 28 = 
(0, —2); (0, -3); =0, 5 y= 4ar + dat, 
( ytl Ge (-Sei se byt 6. y? = 4ax — 427. 
Pea Sent Tp oy tte 0 =o. 
@, 23 (2-2); 92. 5 8 10y bate beet, 
=0;2+1=0. 9. y+ 4y —8r4+12 = 
(—3, 11); (—3, 42); 2+3 10.2 +4y—8=0. 
=0; y—42=0. 11. x2? — 2ry+y? -- 4ay—2a?=0. 
(1,-);0%—-Djy=—3; 12.0% + y?—2e—-4y=0. 
z= }. 13. 2? = 2y. 
EXERCISE 98. (Page 105). 
2. 2’. 6. 4’, 4.32’, 5.28’, 6.88’, 9.12’. 
3. 20’. 9. 4a (2 + V8). 
4, 28’. 10. 2? — 2x + y? — 6y = 0. 
5. 27%’. 


_ 


bo 
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Exercise 105. (Page 112). 
1. z—yt1=0; e+ y—3=0. 62K= 14 








—~y—2=0;2+y-6=0. 7. p=}. 

32 — 2y +3 = 0; 2n+3y— vate 

11 =0. Sikri te wi 

Qc —5y -—5=0; 5442 alle Ss 

erty’ 5421. 

Q2n+4y—1=0; 8&&-—4y 9 , 1+ V2 

Hot. a Dae aah eee 

3/3, 10. 97 + 6y +8 = 0. 


-y= vate 4 ee ok 
ytotrs 


Pigiee sg rJ/3 + y 
+6=0; 2V3+3y+2 


11. 9z + 12y + 32 = 0. 
See eon reo 


my 13. Points of Contact: (14 — 
y=ata;ytzt+a=0. 4,/10, —4+2+/10); 


~§ 


i ir cries Oe | 15. ate + bby + atbt = 0, 


y (2 — 2/2) = 27 + 9 — 1 2 a 2 
6/2. 16. 3%x + 25y + 3° 2°=0. 
Exercise 110. (Page 117). 
. 32; 4; 6. 11. (y — k) k = 2a (a — h) 
. 2; 2/2; 2/3. 12. y(y — 1) = 2a (x — a). 
: 5 (1+ 5), aV2+2v5. 13. y* = 2a (x — a). 


Exercise 117. Page 123). 


. 2c — 5y + 6 =0; 4a—3y+8 3. (-« — 2p, 
=0; 3¢+y+9=0. : 


a, -3); (-2, - 5) 5. (-2a- at, see 


% y? (x +2a) + 408 = 
(-F x4) 7. 2x —3y+4=0; vi3. 
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Exercise 126. (Page 135). 


4 _(e+y)? 1 yells 
1. @& ae a! el kena ics - Name Aden 
y ony a 3 3 
5. —=9 (s» + - ,y=+>° 
2, WO; 55 (v5, 0); (—V5,0); me . 4 : 
t—a)2 2 
V5+8- eS 


3°73? (0,5); (O—-+/5). 
75+ UO on 


a? 


/2- 1 bd Ls 1 e 
3. wae are 5’ Ve’ 0) ? 8 V55- V55_ 





“4 Ber Ba 
(Se 0) ¥ 10. a? + 4y? — 47+24y4+24=0. 
11. 20x? + 24ry + 27y? + 72 
4.4,-4 9:54 —¥; (e —y +1) =0. 
Mi : » oo 53 12. sas i a + 50y + 60 
Exercise 127. (Page 136). 
4. 9x? + 8y? + 16y — 64 = 0 
1, 
ua) vai 6 -2)i hee 
2V2 5. G+ ie =1. 
(-< ti, —2)5=¥ 
6. 9x? + 25y? = 225. 
b 1- Q, = i eee ) . 
eR ee GP BR FR: 9(c +2)? , (y—8)? 
1 1. 30a Gp 
( Stee 1);4 v6. 
2/6 en 
V6 6 81. -t- 18 = Ne 
©) 3 ( +VB2)3 
(-¥ ba) i 48 10. $; 32? + 4y? = 3a’. 
Ve) 56 1 
: ll. e = v2 
epee RE] 
36 * 20 12. 42? + 9y? = 4a? a/B. 


paige Mey bhi #. Ule 
3 igt+ =) 13. E+ 9 =1. 
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Exercise 136. (Page 146). 
lLec=+-+/8. 8. 4/20, = 13. 
2: it 3 = 1; 42 — 2y = 1. 9. The axis minor produced. 
3. y = V38a + V30? + 15. y= — 2x by? 
4.y=xt VFR; y = — 
<e Ja + b. We T+y= =e+/a? + b?. 
5. y =x2t V7; y = —xttV7. 24. The foci are 1°3 inches from 
7. 20, 10. the centre; °706, °662. 
EXeErcIsE 139. (Page 150). 
Le ee oae, —41 —16m 
1. tp = 1; 92 + 8y = 0; 4, ete mgriges 
4x + 2ly = 12. 5 at : —bt 
2. 8, 27; 3, 6; 9a, 4. "a1 (a — 0?) y: (a? — 6?) 
4°25 6. 4n + 63y = 25. 
ae Sa 7. 8y — 2/3 = 713. 
Exercise 144. (Page 157). 
wy PR lek 
8. (a) 3 (7,0); (—V7,0); Oi age 
3. (c = ye = 
: 20 
(b) 6; (¥ ao 10)3 ss 
-v54 55 oe Vora 
(3 , 0) 65. 
gy y? cs 
4, (a) a=3, : = 2; 3; (+3,0); aaa ati 
eta Uae al 
(+ V13,0);2+F75=0; 6. 16; 3 
ge tS 
C= V13 = 0. 7 (a) 16 9 1. 
(b) a = 4, b = 2/3; 6; eee ee ky 
(+ 4, 0); (+ 2V7, 0); 36 =: 108 
7a? — Oy? = 81. 
s+ ° =O. 7. — se 0. po : 
Wt Vi ; 
Ick, 8. () SH _ w= 8 Ay, 
Bela) = a1. 25 : 
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(—1+ v41, 3); 


(-1- vat, 3); 2 


9. (@@ +1)? + (y+ 2)? = 
4(y — 4). 


Exercise 149. 


2. 22 —y? = 3. 


3. llz? — 25y? = 275. 


(b) 252? — 144y? = 900. 
(c) 652? — 36y? = 441. 
(d) x? — y? = 32. 
zt yt 
5. 3 eae We, 1 
Exercise 153. 
1. (a) V3e —y = v3; 
a+ /3y = 138. 
(b) 32 — /6y = 6; 
22 + /6y = 9. 
(c) — 8a — 3./10y = 1; 
— 15z + 4/10y = 50. 
2. yV3 = 2t+V6; y =2+2 V2. 
3. + 2/228 — 16y = 12. 


4. (a) 8& + y/10 = 6; 
3a 4/10 — 24y = 30/10. 


(b) x»/66 — y/30 = 10; 


302 a 
Jeg + ¥V/30 = 22. 


10 
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a? y? 


“14 180° % 


11. (@ — 3)? + (y — 4)? = 


9 (4a + 6y —15)? 
4 52 


13. (5, — 32). 


(Page 163) 


a Sas 


8. V(x + 10)? + (y + 10)? — 
V/ (x—10)?-+(y—10)? =20. 
9. 9x? — 16y? = 3600. 


10. 1+ v5 


2 


11. 22? — y? = 5. 


(Page 169). 

5. m=+3. 

6. m = +4. 

7. 5A? = 2B?. 

8. 2+ yV2 = 10. 


i=) 


. 13/3 + y/39 = 


’ 


13/13. 
3 


23/3 — yV/39 = aye. 


10. (2, 1); (— 16, 13). 
11. 32 + 4y = 10; 


2342 — 192y + 6740 = 0. 


12. 22 + 38y+3/7 = 0. 
13. tan —1 4. 
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Tan! 24 or Tan-* -24, 
. 24/3; 4; 0, 0; A V3, 0; 


ea biy- tse 


Exercise 167. 


2 Oy? 
yates P+ =]; 


ANSWERS 
Exercise 158. (Page 174). 
._2—y =8. Soar ta 
. (b) 4x ont 38V/3'y =a 6. 9. x + y? = 9, 
(c) 3/3 + 4y = 263. 10. 2+y? =. 
6 = tan 2V y= V5; = + V5. 
m/13 + V4m? — 9, fa te 
Saree eo a 13. 125¢ — 48y = 481. 
— m /13 + 4m’ — 9.9 14,.y=427+4+ Var— br 
Vm? + 1 Ai 
Exercise 161. (Page 178). 
3x _ by x 2y : =! 2 Lue 
. a Ny =1; 4 — 3 = ss 4. an “a ae F 
2x eas Sy =]. 5 a‘ b4 
Dee Sor OBS yee | BOE w 
=4 ga o. 0a a (a? +b?) yi (a? + B?) 
5: 759 3, a, Giada 6. 22 — 27y = 10. 
reste oS 
ee "aa 
Exercise 166. (Page 183). 
y= + 32. 5. oo 4, Speed —#; 
bi Moe a = 0. 
ae mee sey tl 
3. 32 +4y =0; 38a—4y=0; 6. 5a? — 4y? = 125. 


8. 322 — y? = 3a’. 
9, 1532? — 425y? = 450. 


10. 922 — 16y? = 20. 


TO eS "WN Ocal RR 
cs aerate ie 3 
y? x? eer y? 42 
Sh ae ob 

(Page 185). 
2. 22 = —16y. 
x, y? 
3. 7 16 1. 
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14. 


15. 


16. 
17. 


18. 


19. 


. 11x? + 96ry + 39y? — 138x 


—284y +251 =0. 


. Circle, ellipse, hyperbola. 
~yt2x4+1=0; G, 


a aly 
Qy =x +8; 8, 8. 


. y? — 8x — 8y = 0. 
ih 


12. 
13. 


+ > V6, ¥ & V195. 

y = + (@ + 2a). 

x? — Qry + y? — 6x — 14y+ 
39 = 0. 

43x? + 12ry + 48y? + 1842 
— 192y + 400 = 0. 

76a? — 72xy — 59y? — 1362 
— 272y — 340 = 0. 

—2,0; 5; —2,-3; & 

1,0; —1,0; 3; $V2,0; 

-$ V2, 0; $. 


ANSWERS 
—2? , Ty? _ 20. 
aay Banal as 21. 


22. 
23. 
24. 
26. 
27. 


28. 
31. 


r—y+2=0; z+y-—-6=0. 
9x+8y =25; 82 —9y+10=0. 
5a + 3y + 16 =0; 3x — Sy 

+30 =0. 

9x? — Ty? = 63. 

y —2V/3 = +12; 3r-yV/3 
+4=0. y= 2V3+t2V5; 
y = 2/3 + /46. 

3a + 2y=16; x—-y+6=0; 
62 + y = 12; 64 —y = 16. 


27, 36; -$, —2; 2,2; a5, —3. 
+ tan14 J5. 
4x+7y=25; 32—T7y+6=0; 


6a + 24y = 25; 2 —y = 20. 


. 82 + 4y + 25 =0. 


4x — 3y +E = 
ES ee 
St 


: io ea 1=0. 
. bx + ay = + abvV/2. 
~-e2-—y=2. 


[6. 


. \ a 
.2+2y = 4. 
. An hyperbola. 
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